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Tactics.v: U [

CoqUOOODOUODOoODOoonDooDbOon
e apply LU OO

@ apply ... with ... UQOogoQ

@ injection U discriminate U OO OO
o DD DODOUUUUULUOOOO

e IDODODDODOOOO

o DODUDODO

o DD DDOUUU destruct 010U
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apply U U0 0O OO

ool L ggooggoobobooooooog
gooooon

Theorem sillyl : forall (n m : nat),
n=m ->
n = m.
Proof.
intros n m eq.
(* rewrite —-> eq. reflexivity. DO DO OO x*)
apply eq.
Qed.
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apply U Qg
000000000000000

Theorem silly2 : forall (n m o p : nat),

n=nm ->
(n =m -> [n;0] = [m;p]) ->
[n;0] = [m;p].

Proof.

intros n m o p eql eq2.

apply eq2. apply eql.
Qed.

eI n=mduoooonoooooog
godd
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apply U Qg
000000000000000000000000

Theorem silly2a : forall (n m : nat),

(n,n) = (m,m) ->

(forall (q r : nat),

(9,9) = (r,r) -> [q] = [r]) >

[n] = [m].
Proof.

intros n m eql eq2. apply eq2. apply eql.
Qed.

o JUUDODODDOOUN eq20 qi=n, r:=m 00
O00 (a,pn)=(m,m)—>M]l=m] 000000000
o JOOOUDOUDDO (n,m) = (mm) JOOOOODO
DTy



apply U U U U

0Dooooon
e Q(k)DDDOOOOODO

e 0000 xOOO0O P(x)OOO Q(x)00000O
00000000000000000000000
000

o (000D/000 xOO00O0OO P(k)OOO
Q(k)DDOD)OP(k)ODOOOOOOO

gooooboooooo
=—-Ugugggoog
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apply HU U U

O00/00 H:VX1y.eueyXms
Pl(xla aXm) —

P (x1, ey Xm) = Q(X1y. ..y Xm)
000 Q(k1, - -, km)

U apply H

0000  Py(ke, .- km)
(n0O) :
Pn(kis. ..y km)
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symmetry Ul U U U 00
00o00o0o0ooooooo

Theorem silly3 : forall (n m : nat),
n=m->m-=n.
Proof.
intros n m H.
(* Here we cannot use [apply] directly x*)
symmetry.
apply H.
Qed.
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Tactics.v

e apply U U DION

@ apply ... with ... U400

@ injection U discriminate U U DI DO
o JUULULUDDUOUOOULUDLDODOO

o JUUULDODLODOOMO

o JUUDD

o UDDIDDDUUU destruct U1 U
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apply withU O U UOUOU
0000: 000000

Theorem trans_eq : forall X:Type (n m o : X),
n=m->m=0—->n= 0. J

godddddoododooooouuuuuuooug

Example trans_eq_example’
forall (abcdef : nat),
[a;b] = [c;d] ->
[c;d] = [e;f] —>
[a;b] [e;f].
Proof.
intros a b c d e £ eql eq2.
apply trans_eq. G OOgd! =) |
December 3, 2024 10/65




Jubogubodun

e OOO: [a;b] = [e;f]
@ trans_eq :
forall X (nmo: X), n=m->m=0->n=0
\
e JIOODODODO CoqODOOIOOOODODODOOO:
» X := list nat
» n:= [a;b]
» 0 = [e;f]
e 00 mOO0O0O0O0DOD(DDOODOOOO)O
OoOoo!
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CoqUUODODOOONO with

Example trans_eq_example’
forall (abcde f : nat),
[a;b] = [c;d] —>
[c;d] = [e;f] ->
[a;b] = [e;f].
Proof.
intros a b c d e £ eql eq2.
apply trans_eq with (m:=[c;d]).
apply eql. apply eq2.
Qed.

e m:="JUO0O0OODODODOO

- 0J00000000000000000ooQg
TEERCEEEEEEEEGGEEEEE 3|0 Decembernoom  12/65



U UOU: transitivity U U OO OO
0000000000000000

Example trans_eq_example’
forall (a bcdef : nat),

[a;b] = [c;d] ->

[c;d] = [e;f] —>

[a;b] = [e;f].
Proof.

intros a b c d e £ eql eq2.
transitivity [c;d].

apply eql. apply eq2.
Qed.
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Tactics.v

e apply U U DION

@ apply ... with ... ODQOQOOOO

@ injection U discriminate UU U DI OO
o JUULULUDDUOUOOULUDLDODOO

o JUUULDODLODOOMO

o

o

O000dboOdOod destruct U 00O
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Jubogubodun
0oooo0:
0000000 (000000000000)

n:nat 000 n=0000 n=Sn 00 n0O
RN

0000000000010 1000 (injective)
O00 nmO0O00 Sn=Sm0OO00O0 n=m0O
(0ooooo)

O00 nnmO000 nZm0O00 Sn#$S mO

godooobbooooooobood

Udid nO000OO O#Sn(DDDDDDDDDDD
oo)
Pembm B A 563



goouoobooogoon

o UIUIODODODOMO injectivity
» 00000000000 DOO00oOoooOoOoooog
O0ooooooooono

o JUULULDODUOOOLDLDLUOOOLDLDLOO
oooobd

goodg
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Ssoooooo

Theorem S_injective : forall (n m : nat),
Sn=Sm->n=m.

Proof.
intros n m H1.
assert (H2: n = pred (S n)). {reflexivity.}
rewrite H2. rewrite H1. reflexivity.

Qed.

00000000000 (cons 00)00O0D0OOO0O
goooobbod

U

goouobbgooooobogooooobod
ool
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injection [1 0 0 00O [

Theorem S_injective’ : forall (n m : nat),
Sn=Sm->n-=nm.
Proof.

intros n m H.
injection H as Hnm.
000 Hnm : n=m O0O0OO0O0O %)
apply Hnm.
Qed.

o (II0)DOUDUDUDODUDDODODUDUDDDOUDDDOO
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injection 0 0 O (1)

Theorem injection_exl : forall (n m o : nat),
[n;m] = [0;0] -=> [n] = [m].
Proof.
intros n m o H.
injection H as H1 H2.
rewrite Hl1. rewrite H2. reflexivity.
Qed.

gobooboobotoobudgboboobooogd
oooooo!

@ [n;m] = cons n (cons m nil)

@ [0;0] = cons o (cons o nil)
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injection 0 0 O (2)

Theorem injection_ex2 : forall (n m o : nat),
[n; m] = [0o; o] => [n] = [m].

Proof.
intros n m o H.
injection H.
intros H1 H2. rewrite H1. rewrite H2.
reflexivity.

Qed.

v

as oo ooggoobobobooooobobbogd
goouobbooooouoooogn
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discriminate U [0 [0 0 OO O

e JO00DODUUODDODODOOO (true = false O 0
=S x)0000000000000D00O0O0O0 (O
0)0ooooOoooooo

Theorem eqb_0_1 : forall (n m [J nat),
false = true -> n = m.
Proof. intros n m H. discriminate H. Qed.

Theorem discriminate_exl : forall (n : nat),
Sn=0->2+2=25.
Proof. intros n H. discriminate H. Qed.

000 (principle of explosion)
gobodoodogooooodn
D e e



Juoboguogd

Theorem eqb_0_1 : forall n,
(0 =7 n) = true -> n = 0.
Proof.

intros n. destruct n as [| n’] eqn:E.

- (xn =0 %
intros H. reflexivity.
- (*n=8Sn’ %)

(* O0OO: (0 =? Sn’) =true -> S n’ =0 %

simpl.
intros H. discriminate H.
Qed.

0000 (0000 O0D0000O000 OO0 00000 (00 5)
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U UOU: injection U U O OO O

H:ca ---a,=cby --- b,

P
{ injection H as H1 ... Hn.

H1:31=b1

H,: a, = b,
=)
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discriminate [ [ 00 0 O[O

H:ca ---a,=db; --- b

P
| discriminate H. (¢, d 0O 0)
gooubobodooobbbuoooon
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000 injectivity O O

Theorem f_equal :
forall (A B : Type) (f: A -> B) (x y: A),
x=y>fx=1%fy.

Theorem eq_implies_succ_equal :
forall (n m : nat),
n=m->Sn-=3mn.
Proof.
intros n m H. apply f_equal. apply H.
Qed.

o JUULULUDODUOOUOLLOLUOOOLDLDLOO
oooobobooooooobod

oL LU L E _equal DU UL LU UL -




Tactics.v

e apply LU D OO

@ apply ... with ... ODUOQOGOOO

® injection [J discriminate U 00O OO
o DD DODLODDLODOOOOUN

e UL DODLDDODOOO

e JUUDODO

o JUDUDDDDUDD destruct UL
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Jubgdgbogdboodbobotgd

e simpl in OO HOUOOUOOOO

@ symmetry in : 00 H:a=b0O H:b=al
0o

e apply L in D HOUOUOOO LOOO
» H: P(n)O L:Vx,P(x) > Q(x) 00O
» H: Q(n) OO O
Ooooooooog!

e rewrite L in H: OO LODOOOODODOOO HO
oood

@ specialize H with (x:=--.): 00 HOOOOO
OO00o0O0ooood
» H:Vx,P(x) OO H: P(---)00OO
BT



Jubogdootdbood

00000 (forward reasoning)

obudobogoboooboobouoooobon
gooooon

00000 (backward reasoning)

000000 (0D00)ooooooooooooooo
goad

o DD DODOUUULUULUUOUOLDLDDLDDbDOO
e CoqUIDODOD(DDOUUOUDDDOUD)OOIODO
e apply U UUUOapply in HUO O U
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0000000000 (1)

Theorem S_inj : forall (n m : nat) (b : bool),
((8mn) =7 (Sm)) =b ->
n=7"m-=>b.
Proof.
intros n m b H. simpl in H. apply H. Qed.

v
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0000000000 (2)

Theorem silly4 : forall (nm p q : nat),
(n=m->p=gq —>

m=n —>
q="D.
Proof.

intros n m p q EQ H.
symmetry in H. apply EQ in H. symmetry in H.
apply H. Qed.

o
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Tactics.v

apply U O QOOO

apply ... with ... OQOQO0QO0O0O
injection U discriminate U OO O
ogoobogooooood
oooooboogn

Jooog

00000000 destruct OO O
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CoqUUUOOOUOoonnoooon

e CoqUUIUIUIDDUUODDOOUUDDOOUOUDDO
ooooobbogn

» QD CoqUODUOODODDOODODODOO
» A D0000o0o0o0o00ddooooooon

Jogoubobuoooobobouooooon
gooon

0000 xO0OO0OO P(x)DDODODOOOO:

e 000 xOOOO PO)OO ... P(x—1)000
P(x)
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CoqUUUOOOUOoonnoooon

e 1000000000000 O0O000 xOOOO
P(x)0O POODODOO (00O Coq0O0)O0O0O
000000000000000000000C0

» CoqUUDO POOOOODDOOODODOO
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HRN

go:00botudotd n,mUdoon
double(n) = double(m) 000 n = mO

o 00000

oen=0m=0000: 000

O double(n) = double(m) D00 n = mQO

on=0m=S(m)000: 0000
double(n) # double(m)

en=S(n),m=0000:0000
double(n) # double(m)

en=S(n),m=S(mM)000: (00000O0O)
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HRN

oen=S(n"),m=S(m)00O0O:
@ double(S(n’)) = double(S(n’)) DO OO OO
©@ 000OOdouble 00O OOMO
S(S(double(n’))) = S(S(double(m’))) O
gogd
Q@ 00O0O0OS O injectivity O O
double(n’) = double(m’) 0 0O
00000000 nf=m 000

0d

0000 S()=S(m)00000n=m0O0
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Juoogbuodguod

oooooobooooboboooo!

e P(0,0)

en>0000 P(n,0)
em>0000 P(0, m)

e Plnh,m)OOO P(n+1,m+1)
god

e JODODUO nmOOOO P(n,m)
goog
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Cog 000000

Theorem double_injective_FAILED : forall n m,
double n = double m ->
n = m.
Proof.
intros n m. induction n as [| n’].

e JODODO P(n)O
double n = double m -> n = m[]
e JULUUDOOO
- P(0) O P(n") — P(S(n))
emI0I0DODO00ODO (OO m:pat000)0O0O
Oooagl
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Jdooooodgooooogn!
P(0) OO0

- (xn =0 %)
simpl. intros eq. destruct m as [| m’].
+ (x m = 0 *) reflexivity.
+ (* m = S m’ *) discriminate eq.

emUUddgduogng n1:=.S(nY) goaodooogn
O0000o0o00ooooooooooooooo
[0 discriminate O OK

e simpl 0O OIODOODOOOO(DDODOOOOONO)
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Oogdgol
V', P(n') — P(S(n’)) 00O C

- (kn=Sn’ %)
intros eq. destruct m as [| m’].
+ (* m = 0 *) discriminate eq.
+ (*m =S m’ *x) apply f_equal.

e JODODDDOOVA,P(n)— P(S(n)) 00000
0000, 000000000 P(n)0O P(S(n))
00000 double n’ = double m -=> n’ = m [
00000000

emIOIODOOOO0ODOm=000000000...
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HEEEN

1 focused subgoals (unfocused: 0-0)
, subgoal 1 (ID 480)

n’ : nat

m’ : nat

IHn’ : double n’ = double (S m’) -> n’ =
eq : double (S n’) = double (S m’)

S m’

e /[H DDODO n’ =m> OOODOON
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Jubogubodun

e 100DDOODODODO CoqI (DODO)ODODODO:

» UnomUO 40000000 odododd nym O
000 double n = double mO0O0O0 n=m0
0000 nDOOOOOOOOODODOOOONO

o JUOULDDOM:

» double 0 = double MmO OO0 0=mQOOQO00O0O
» O double k = double m 000 k= m0O0O
0 double (S k) = double m 000 S k = m0O

ooooood
* 0000P(k,m)0000P(k+1,m)I00000000000
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Juobgubgdootdbootdbod

e P(0,0)

en>0000 P(n,0)

em>0000 P(0,m)

e Plnm)ODOO P(n+1,m+1)

goood

e JOI mOODODO P(0,m)

e 00D mOODDO P(n,mODOODOOOO m
oooo P(n+1,m0O

000 (Co0oopoooooon)
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Juoboguogd
0000 POOODOOOOOO!

oo 0ot n,mO4oonQ

double n = double m OO0 n=m

OO0 nO000000000O00O0000 mO0OOO
double n = double m OO0 n=mQO0000

on=0000:0000 mOOooOdO
double 0 = double m OO0 0=mOOOO0O0Om
Joooddoogd

m=0000000
m=S(m)0000000
double 0 = double mO 0 00O

v
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en=Sn 00000000000 mOQOGQoQg
double n’ = double m D00 n =mOQ0Q0QdQO
00 (000000)0
O00bodibod mdioOdO
double (S n') = double m 000 (S n') =m0O
D000 mOdUO0OO0OOD0OOO0O0OO0O00O
m=0000: 000000
m=SmQO00O:
double(S n’) = double(S m’) 0 00O

000000 injectivity 0 00O double(n’) = double(m’)
00000000 mOOO m O00OO0ONR =m’
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Cog 0O 0O

Theorem double_injective : forall n m,
double n = double m ->
n = m.
Proof.
intros n. induction n as [| n’].

e mU intros U U U induction U0 0O
e JODODO P(n)O
forall m, double n = double m -> n = m[]

oo nbdogobbbtddd mdOd
O0UOnU mOdOO0O0nd
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- (xn =0 %)
simpl. intros m eq. destruct m as [| m’].
+ (* m = 0 *) reflexivity.
+ (* m = S m’ %) discriminate eq.

enUUIOUOUOOUOUOUOUON intros m U0 U
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- (xn=8n"x) (x0O1%)

intros meq. (x OO0 m OJOQOQOQOOO =)

destruct m as [| m’].

+ (*m = 0 *) discriminate eq.

+ (*m =S m’ %)
apply f_equal. (x [0 2 x)
apply IHn’. (* simpl in eq. *)
injection eq as goal. apply goal. Qed.

e (0 1)000000000O0000O0(YmODO)O
000000000000

e JDIDODOODO IHM OO VmOIOOOOODO!
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(02)00000000...

1 focused subgoals (unfocused: 0-0)
, subgoal 1 (ID 545)

n’ : nat
IHn’ : forall m : nat,

double n’ = double m -> n’ =m
m’ : nat

eq : double (S n’) = double (S m’)

n’ =m’

e J0IDDODODOOOD milDO mODOODDOOO
oooo
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HRN

o CoqUUIUIDDDOOUUDDOUOUUDDOUUODDO
0O

en mUIUULODLUOO nbUOOO0OLODODOO
JobdidmUdoboooboobooboboon
Jodad

o JUULULUDDUOOOLDLDLUOOOLDLDLOO
oooooo
» OP(n,m) 000 P(S(n),mO0O0O0(0DDODO)
Oo00MmP(n,m) OO0 P(S(n),S(m))D OO
goooooogod
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Jubogubodun

oobobbi mbibODLObOo0oooooobbon
goouooboogd

Theorem double_injective : forall n m,
double n = double m ->
n=m.
Proof.
intros n m. induction m as [| n’].
(x intro OO0 induction m OO OOO! %)
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generalize dependent I UJ 00 0 U [
000000000000000000000000

Theorem double_injective_take2 : forall n m,
double n = double m -> n = m.

Proof.
intros n m.
generalize dependent n.
(x 00000 forall m, ... DOOODO =)
induction m as [| m’].
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Tactics.v

apply U O QOOO

apply ... with ... OQOQO0QO0O0O
injection U discriminate U OO O
ogoobogooooood
oooooboogn

Jooog

00000000 destruct OO O
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unfoldll U U LI
(Definition 00 0)0 000000000000

Definition square (n:nat) := n * n.
Lemma square_mult : forall n m,
square (n*m) = square n * square m.
Proof.
intros n m.
simpl. (x OO0OOO0O0O0O =)
unfold square. (% square O OOOO *)
rewrite mult_assoc.
assert (H : n*m*n=mn*n *xm.
rewrite mult_comm. apply mult_assoc.
rewrite H. rewrite mult_assoc. reflexivity.

Jed. <
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simpl OO0

simpl DO O0O0OO0OO0OOOOOON

0000000000 00000C00000 (match)
gooooboogad

Definition foo (x: nat) := 5.
Fact silly_fact_1 : forall m,
foom+ 1 =foo (m + 1) + 1.
Proof.
intros m. simpl.
x5+ 1 0000000000O0O0O0O0OOO0O =)
reflexivity.
Qed.
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Definition bar (x: nat) :=
match x with
| 0 =>5
| S _ =5
end.
Fact silly_fact_2 : forall m,
bar m + 1 = bar (m + 1) + 1.
Proof.
intros m. simpl.
(x bar OO match m with
O0000000000000 %)
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unfold bar.
 J0O0bOoOoOoobooooo %)

destruct m eqn:E.

- reflexivity.

- reflexivity.
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Tactics.v

apply U O QOOO

apply ... with ... OQOQO0QO0O0O
injection U discriminate U OO O
ogoobogooooood
oooooboogn

gogod

0000000 destruct OO
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Jubguootdubtguod

e destruct UL DDUUOOOLODODOOOOODODO
» D00 oooobooboooooobboooa
gooon

o JUULLODOOUOUOOOLODLDLOO

Definition sillyfun (n : nat) : bool :=
if n =7 3 then false
else if n =7 5 then false
else false.

Theorem sillyfun_false : forall (n : nat),
sillyfun n = false.

™ =

= - wvl
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e =7000(nO300000K00O0O0)DODOO
godd
»nO050000000000n>6000000

goooobooooobbogooon...

Proof.
intros n. unfold sillyfun.
destruct (n =7 3) eqn:El.
- (* n =7 3 = true *) reflexivity.
- (x n =7 3 = false x)
destruct (n =7 5) eqn:E2.
+ (* n =7 5 = true *) reflexivity.
+ (x n =7 5 = false *) reflexivity.

Qed.
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HEEEN

Definition sillyfunl (n : nat) : bool :=
if n =7 3 then true
else if n =7 5 then true
else false.

Theorem sillyfunl_odd : forall (n : nat),
sillyfunl n = true ->
oddb n = true.

o sillyfun1 UL OO OUOUOOOLODOOOOOO
od
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Proof.
intros n eq. unfold sillyfunl in eq.
(x eq : (if n =7 3 then ...) = true

oddb n = true *)
destruct (n =7 3).
- (x n =? 3 = true %)
(x eq : true = true ~UO0O0O0OODODOOO

oddb n = true *)

v

oen ="3=trueJ0000n =7 3 = false U0
O000doooogbodudiddnn =7 3 = true U
ooooggt
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destruct eqn: O 0O O!
0000000000000000000000

Proof.
intros n eq. unfold sillyfunl in eq.
(x eq : (if n =7 3 then ...) = true

oddb n = true
destruct (n =7 3) eqn:Heqe3.
(* Heqe3 : n =7 3 = true
eq : true = true (x JOOOOO *)

oddb n = true

*)

v
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OUOUOUOHeqe3 UU n =300000

- (x e3 =true *)

apply egb_true in Heqe3.

(* Heqe3 : n =3 OO =)

rewrite -> Heqe3. (xn=3000 %)
reflexivity.

eel=false 00000000
destruct (n =7 5) eqn:Heqeb.
oooog
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@ Exercise: apply_exercisel (2), injection_ex3
(3), discriminate_ex3 (1), eqb_true (2),
destruct_eqn_practice (2)

e 10D0D0DODOO Tactics.v O origin/main O push

e PandA DI UIUUOUOUOOOOO
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