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Inductive False : Prop := .
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0o0O0D0O000oo (1)

Check False_ind.

Theorem False_implies_nonsense :
False -> 2 + 2 = b.

Proof.
intros contra.
inversion contra. Qed.

e inversion: U UOUOUOOUOOOOOOODOOOO
Odo0ooooogono

o JUUUOUOOUOUOUOOCMIODLOOUUOOOOOOQOO
e JOODDOOO!
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FalseOU O UOOOOOOOOooooooboooo
gooon:

Theorem nonsense_implies_False :
2 + 2 =5 -> False.
Proof.
intros contra. inversion contra. Qed.

00 L-E(0O000000)

Theorem ex_falso_quodlibet : forall (P:Prop),
False -> P.

Proof.
intros P contra. inversion contra. Qed.
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(1 O
OPODOOOO(~P, ~P)OODO

Definition not (P:Prop) := P -> False.
«OPpUODOO0ODO =P UOOOOODLOOOOO %)

Notation "~ x" := (not x) : type_scope.
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0o0oo0ooo (1)

000000 (FalseJOODOODOOOOO)ODODOO

gogd

Theorem not_False : ~ False.
Proof.
unfold not. intros H. inversion H. Qed.

Theorem contradiction_implies_anything :
forall P Q : Prop, (P /\ "P) —> Q.
Proof.
intros P Q H. inversion H as [HP HNA].
unfold not in HNA.
apply HNA in HP. inversion HP. Qed.
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Theorem double_neg : forall P : Prop,
P -> "7P.

Proof.
intros P H. unfold not.
intros G. apply G. apply H. Qed.
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0ooooooo(3)
Ooo0oooooooaal

Theorem five_not_even :
“ ev b.

Proof.
unfold not. intros Hevb.
inversion Hevb as [|n Hev3 Heqn].
inversion Hev3 as [|n’ Hevl Heqn’].
inversion Hevl.

Qed.
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CoqUUOOoooonoog!

o UUD:DUO0ODbDDUODLDDbOO
e CogUODODOODOOONONDO (intuitionistic logic) O O
Ooogd
o IIJIDDUOOUDDDUOODDOOUODDOOODO
o : J0IDOOODO
Theorem classic_double_neg : forall P : Prop,
P -> P.
Proof.
intros P H. unfold not in H.
(* But now what? There is no way to
"invent" evidence for [P]. *)
Admitted.

0ooo O (oooo) 00O0Oo0 (0O 10) January 8, 2013 11 / 48



Joogubgdoodboodbod
HEN

e JOIUIO: ((P>Q)->P)-—>P
e JOO: PV P
> DDDD—I—I(P\/—lP)DDD
e JDODODOOO(ODO): m(PAQ)->-PV-Q
o (P—>Q)—> (—IPVQ)

January 8, 2013 12 / 48



HEEpN
x<>yUO (x=y)OOO:

Notation "x <> y" := (7 (x = y)) : type_scope.

Theorem not_false_then_true : forall b : bool,
b <> false -> b = true.
Proof.
intros b H. destruct b.
Case "b = true". reflexivity.
Case "b = false".
unfold not in H.
apply ex_falso_quodlibet. (x OO *)
apply H. reflexivity. Qed.
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O0 XO0O xOOOOOPO(3x: X.P)OOODO
Uo:

Inductive ex (X:Type) (P : X->Prop) : Prop :=
ex_intro : forall (witness:X),
P witness -> ex X P.

Notation "’exists’ x : X , p" :=
(ex _ (fun x:X => p))
(at level 200, x ident, right associativity)
. type_scope.

e l:exXPUOOUOOO XOOO witness [
P witness O J O 0O 0
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Nx: THP: Prop
N=3x:T,P : Prop

lN-e: T I+ Ple]
N=3x : T,P[x]

M= 3x : T, P[x]

Nx: T,H: P[x]FQ N-=Q : Prop

(P-3)

(3-1)

r-Q
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0o0O0D0O000oo (1)

Definition some_nat_is_even : Prop :

x JO0O0O0o0o0O0 3 x: nat, ev x
exX nat ev.

(x Notation OO

exists x : nat, ev x

OO 0K *)

Definition snie : some_nat_is_even :

ex_intro

ooo o

(oooo)

ev

4 (x Joooog =)

(ev_SS 2 (ev_SS 0 ev_0)).

 0Jooboooobg

FEGEEERGCERED)
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00oooooooo(2)
witness J J 0O 0O 0O apply ex_intro U U [

Example exists_example_1 :
exists n, n + (n * n) = 6.

Proof.
apply ex_intro with (witness:=2).
reflexivity. Qed.

@ apply ex_intro with (withness:=e) OO DO OO
exists e 00 OK
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00o0O0D0O0oo0oo(3)

Oooododdodd inversion U 00
@ H:3x,P[x] 0 inversion HO OO
= x0H:Px](xO POOOOODO)ODOO

Theorem exists_example_2 : forall n,
(exists m, n = 4 + m) ->
(exists o, n = 2 + 0).
Proof.
intros n H.
inversion H as [m Hm].

(x witness [ intro UOO0OOOOOOOO x*)

exists (2 + m).
apply Hm. Qed.
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o000 (@OOoD0oo1)

Inductive eq (X:Type) : X -> X -> Prop :=
refl_equal : forall x, eq X x X.

o JOUOOLDXUDDDUO x,yl o
eq X x yU oo
o HUUUDUMN reflequal x: Ux U x0OOOOO
e CoqUIUIDIDDOUUODDOOUUOIDDOUOUOUDDO
godad
Definition four : eq _ (2 + 2) (1 + 3) :=

refl_equal nat 4.
(x four OO0 eq _ 44 0000000 =)
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00000 (@ooooo?2)
CoqUOOOOOoooono:

Inductive eq’ (X:Type) (x:X) : X -> Prop :=
refl_equal’ : eq’ X x X.
(x forall OO DO x*)

o JOUODDDOO
o JOULOLODLODLDOOOOODO
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eq’ WU LOOUODOMO

Check eq_ind’.

000000000000000 (Leipnitz equality)d
00oO0oOooooO

Ux U yUUUuoobdxooooooaoooon
OPOyUOODOOOODODOOOO
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. 000 dnotdn inversion
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L. OO0 0000 inversion

o PO e1=e2DD
o refl equal U UUOUODOOOOOON
o HUUOLODLDOODOMO

@ refl equal UUU eq X x xUUUOUOUOe; O
e UU00000O0O0O0OOOLODOOOOOONO
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inversion 0O O0OODO (1) (ODO)

H:ca; ---a,=dby --- b,

P
| inversion H. (¢, d 0 0000)

H1:31=b1

H,: a, = b,

PP(PODODOO Hyy...,H,000000000O)

0ooo O (oooo) 00O0Oo0 (0O 10) January 8, 2013 28 / 48



inversion (2) (O O)

H:ca; ---a,=dby --- b,

P
| inversion H. (¢, d 0 0000)
goduoboooobobobouoooon
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. 00000 inversion
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O00000ooDoooo(@mooon
1)

Inductive le : nat -> nat -> Prop :=
| le.n : forall n, lenn
| le_.S : forall nm, (lenm) > (len (S m)

gooo:

(LE-N)

S
ANV

3

(LE-S)

S
IN
n
3
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Joogog?2
n000000000000000000000 ...

Inductive le (n:nat) : nat -> Prop :=
| leen : lenn
| le_S : forall m, (lenm) -> (len (Sm)).

goooobboooooobboooooobbod
0000000 eqOOODOOO)

Notation "m <= n" := (le m n).
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Juoboguooguod

oOdo0d even O 4O O:
o JIUUDDODUUIOIUUDDDU apply
o UUUDUUNO inversion

Theorem test_lel : 3 <= 3.
Proof. apply le_n. Qed.

Theorem test_le2 : 3 <= 6.
Proof.

apply le_S. apply le_S.

apply le_S. apply le_n. Qed.

000 O (0000) FEGEEERGCERED) January 8, 2013

35/ 48



Theorem test_le3 : ~ (2 <= 1).
Proof.

intros H.

inversion H. inversion H1. Qed.
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Juooguod

Definition 1t (n m:nat) := le (S n) m.
Notation "m < n" := (1t m n).

o lelUOOLOLUDLDDLOUOOOOLDLDDOUOOO
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O0: 00000 XOO0OO 1:list XOO nOQOQOO
00 length | =n 0000Oindex (S n) | = None
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n = length (x :: ') = S (length I)
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@ Exercise: contrapositive (2),
not_both_true_and_false (1), not_eq_beq_false
(2), dist_not_exists (1) dist_exists_or (2),
total_relation (2)
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