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@ Y. Bertot, P. Castéran. Interactive Theorem Proving And
Program Development: Coq'art: The Calculus Of Inductive
Constructions. Springer-Verlag, 2004. Coqg 000 0OD0OOO
OO00DO0DO0DoOOoooooooon

@ T. Nipkow, L. Paulson, M. Wenzel. Isabelle/HOL: A Proof
Assistant for Higher-Order Logic. Springer-Verlag, 2002.
Isabelle/HOL OO OO OOOOOOOOOOOOOODOOOO

gboboogboboggbbobuogobbooobbuoob
gboobooooobooo

Nipkow 000000000 OCOO0ODOOOOOCOOODOOOOO
Oo0OoO0ooOOoooooo
http://isabelle.in.tum.de/doc/tutorial.pdf 0O OO0
Oooooo

000 O (0000) FEEEERGCERD) November 13, 2012 6 / 62


http://isabelle.in.tum.de/doc/tutorial.pdf

Q: Theorem, Lemma J OO0 OO OO

o CoqUIDUIUIDOUDDUODOUDUODODO

o JUUOLDDOUOOOLDLDLUOOOLDLDLOO

odgooobooogd

» U0 ddouoboooobobuogada

» U 0gooboobooooobobboogd
goog

» 0J0: 0000000000000 DO (D)oo d
goooobboooobobbbobooobbibn
O0(0ZemOOOMMOOOOOO)

» 00 00ooobbooooobobd

000 O (0000) FEEEERGCERD) November 13, 2012 7 / 62



QUUIODOODUOOOoOooOouooon
Juogun

@ Require Export UU U OO wolUUODN
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oooono voooooooogg

»linux 00 vOOOOOOOOOOO (linux O)
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0oad
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Jubogubogun

Definition constfun {X: Type}
(x: X) : nat->X :=
fun (k:nat) => x.

Definition constfun’ (x OO DODOOO *)
{X: Type} (x: X) (k: nat) : X := x.

Definition ftrue := constfun true.
(* a function that always returns true *)

Example constfun_examplel: ftrue 0 = true.
Example constfun_example2: (constfun 5) 99 = 5.
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bbb gdn
o f: 00000000 ODDOOO
e 00 kOODODOODOO x

k) = x
flk — x] = g s.t. { ggn; = f(n) (if n # k)

Definition override {X: Type}
(f: nat->X) (k:nat) (x:X) : nat->X :=
fun (k’:nat) => if beq_nat k k’ then x
else f k’.
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Definition fmostlytrue :=
override (override ftrue 1 false) 3 false.

Example override_examplel
fmostlytrue O = true.
Example override_example?2
fmostlytrue 1 = false.
Example override_example3d :
fmostlytrue 2 = true.
Example override_example4d :
fmostlytrue 3 = false.
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OO0000000 override U OO ODOOO

o JUUUULDODDOOMO
e 100DDODODDDODOOO(DODODO)DODO

Jooog

Logododoooooooogbouoooogbogo
0000 override U UL OOOOOODO ...
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Poly.v 0 [
e JIOODOODOO
e JOO CoqgOOO
» apply U OO OOO
» unfold U 0O 0O OO O
» inversion [0 0O OO O
» 0000000000
» JO000ooooooooooo
» JOOO0O00000 destruct U OO
» remember U 0 0O OO0
» apply ... with ... O4OQ0O0OOO
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apply U U 0O OO O
000000000000000000000

Theorem sillyl : forall (nm o p : nat),
n=m ->
[n,o] = [n,p] ->
[n,o] = [m,p].

Proof.

intros n m o p eql eq2.
rewrite <- eql.

(x 000000 eqt ODOO [n,o] = [n,p] *)

(* rewrite -> eq2. reflexivity. UOUOOOO

apply eq2.
Qed.

000 O (0000) FEEEERGCERD) November 13, 2012
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apply 000000 O0D0DOO0O?2

Theorem silly2 : forall (nm o p : nat),

n=m ->
(forall (9 r : nat), q = r -> [q,0] = [r,pl)
[n,0] = [m,p].

Proof.

intros n m o p eql eq2.

apply eq2. apply eql.
Qed.

o JUUUUDUUN eg2 0 gqi=n,r:=m 0y
ooooooooog

o UUUUUOUOn=mOO00ooooogg
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apply U U U U

0ooooon
e Qk)ODOOODODODO

e 0000 xO0O00 P(x)000 Q(x)00000
0000 (00000)00000000(@Ooon
ooooo)

o (0DDDOD P(k)DODO Q(k) D00)0P(k) O
00o0O0o00oon

000000000000
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apply HU U U

00 H: VX1, Xm,
Pl(xl,...,xm) —

Po(x15- - 5%Xm) = Q(X15-++5Xm)
000 Q(kgy---sKm)

| apply H

0000 Pi(kis--.,Km)
(mO) :
Pa(kiy ...y km)
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JUoo0U apply oo
HEN

Theorem silly3_firsttry : forall (n : nat),
true = beq_.nat n 5 ->
beq_nat (S (S n)) 7 = true.
Proof.
intros n H.
simpl.
(* Here we cannot use [apply] directly *)
Admitted.
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symmetry [l U U O [
000000ooooooon

Theorem silly3 : forall (n : nat),
true = beq_.nat n 5 ->
beg_nat (S (S n)) 7 = true.
Proof.
intros n H.
symmetry.
simpl. (x ODO0O0O *)
apply H.

Qed.
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unfold ] U 00 UL I
0000000000000000

Theorem unfold_example : forall m n,
3+n=m->
plus3 n+ 1 =m+ 1.
Proof.
intros m n H.
(*x 3+n 0 plus3n OO0
Definition plus3 x := (plus 3) x.
Doooooood@oo)oog %)
unfold plus3.
rewrite -> H.
reflexivity. Qed.

000 O (0000) FEEEERGCERD) November 13, 2012

22 / 62



Theorem override_eq :
forall {X:Type} x k (f:nat->X),
(override f k x) k = x.
Proof.
intros X x k f.
(x» simpl. OOODOOOOO! *)
unfold override.
rewrite <- beq_nat_refl.
reflexivity.
Qed.
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Poly.v 0 [
e JIOODOODOO
e JOO CoqgOOO
» apply U OO OO0
» unfold U O 0O OO O
» inversion [0 0O OO O
» 0000000000
» JO0O000O00O00000ooon
» JOOO0O00000 destruct U OO
» remember U 0 0O OO0
» apply ... with ... O4OQ0O0OOO
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OOoodbdnd

ogooodn:

0000000 (0000000 O0oooo0)
n:nat000 n=0000n=Sn 00 nO0O0O
00000000010 1000 (injective)

O00 nmO000 Sn=Sm0O00 n=m
oddoobobooooddn

000 nO0000O#£Sn (00000000000
0o)
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0000000000000
e 00D0OD0O0D injectivity

o JUUULUDDUOOULLOLUOOUOLDLDLOO
oooobd

ogood
= 000000000 inversion U U 0O UOO
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inversion 0O O0O0O (1)

H:ca; ---a,=dby --- b,

P
| inversion H. (¢, d 0 0000)

H1:31=b1

H,: a, = b,

PP(PODODOO Hyy...,H, 00000000O0O)
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inversion[ 00 O (1)

Theorem eq_add_S : forall (n m : nat),
Sn=8Sm->n=nm.

Theorem silly4 : forall (n m : nat),
[n] = [m] -> n = m.

Theorem sillyb5 : forall (n m o : nat),
[n,m] = [o,0] -> [n] = [m].
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inversion (2)

H:ca; ---a,=dby --- b,

P
| inversion H. (¢, d 0 0000)
goduoboooobobobouoooon
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inversion[ 00 O (2)

Theorem silly6 : forall (n : nat),
Sn=0->2+2=25,

Theorem silly7 : forall (n m : nat),
false = true -> [n] = [m].
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inversion 0 O (3)

Theorem length_snoc’
forall (X : Type)
(v : X) (1 : 1list X) (n : nat),
length 1 = n -> length (snoc 1 v) = S n.
Proof.
intros X v 1. induction 1 as [| v’ 1°].
Case "1 = []". (x OO *)
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Case "1 = vy’ :: 1",
intros n eq. simpl. destruct n as [| n’].
SCase "n = 0".

inversion eq.
SCase "n = S n’".
apply eq_remove_S. apply IHIL’.
(x OO eq OOOO 8 (length 17) OOODO *)
inversion eq. reflexivity.
Qed.
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Poly.v 0 [
e OO OOOOO
e JOO CoqgOOO
» apply U OO OO0
» unfold U 0 0O OO O
» inversion U U 0O OO O
» 0000000000
» JO0O000O00O00000ooon
» JOOO0O00000 destruct U OO
» remember U 0 0O OO0
» apply ... with ... O4OQ0O0OOO
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e JO00DDODUO xOODODOP(x)DODODODOO
ogoon

e PUOUUUOUOUUOUOUOUOODDODDDOODLDDDDOO
Joooon

o (DDDUUUODDODDOUOUUDODODO)
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00000000000 (1/3)

Theorem beq_nat_eq_FAILED : forall n m,
true = beq_nat nm -> n = m.
Proof.

intros n m H. induction n as [| n’].

e JOODO P(n) U true = beq_nat n m -> n = m[J
o UUOUDOOO

~ P(0)

» Vn', P(n’) — P(S(n’))
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0000000 oooo (2/3)
P(0) DO O

Case "m = 0". (x O x)
destruct m as [| m’].
SCase "m = 0". reflexivity.
SCase "m = S m’". inversion H.

o UL UIDOODNO P(O) gdpoogooouoodn
0000000000000 00o00o0ooa

emII0O0O0OO0OO0O0OOm>0000000000
odbodbodooibooiogbodboobodgbdd
inversion O OK

e JDOOD simpl in HOODOODOODODODOO
Oogdno
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0J0D00D00D0oo (3/3)
vn', P(n’) — P(S(n")) 0000

Case "'m =S n’". (x 0O x*)
destruct m as [| m’].
SCase "m = 0". inversion H.
SCase "'m = S m’".
apply eq_remove_S.

e JODODOUOOVWVA,P(n) —P(S(n))00ODOOO
O000n, 000000000 P(n’) 0 P(S(n'))
00000 true = beq_nat (S n’) mO0O0O0
ooood

emII0000O0O0O0OOm=000000000...
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1 subgoal

SCase := "m = S m’" : String.string

Case := "n = S n’" : String.string

n’ : nat

m’ : nat

H : true = begq_nat (S n’) (S m’)

IHn’ : true = beq_nat n’ (S m’) ->n’ =S w’
n’ =m’

o lHW OODODUOODODDODOOO(DOUODODODOO
O00000) 000 mOOOOOO0O00O00O0O00OO0

o UUOUOOOODOMO
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bbb guod

Theorem beq_nat_eq : forall n m,
true = beq_nat nm -> n = m.
Proof.
intros n. induction n as [| n’].

e mU intros UUO OO induction U U O
e LUIDOO P(n)D

forall m, true = beq_nat n m -> n = m[]
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Case "m = 0". (x O %)
intros m. destruct m as [| m’].
SCase "m = 0". reflexivity.
SCase "'m = S m’".
intros contra. inversion contra.

e JIOOODODO P(O) godogn
o UUUDOUDNO dintros m U OO
e UOOUODOOODO contra(dkﬁon)lﬂ godn
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Case "'m =S n’". (x O *)
intros m. destruct m as [| m’].
SCase "m = 0O".
intros contra. inversion contra.
SCase "m = S m’".

e 00D0DO0D P(S(n)) D0DO0DO0DO0DOD
O HM OO forall mJO0OoogQg!
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goboooooogd...

1 subgoal
SCase := "m = S m’" : String.string
Case := "m = S n’" : String.string
n’ : nat
IHn’ : forall m : nat,
true = beq_.nat n’ m -> n’ = m
m’ : nat

true = beq_nat (S n’) (Sm’) ->Sn’ =S m

e IHW OODOODOOD m(forall m O m 0000 NHDOODO
Joooobbuoobuoooooboogogad
o lHW ODODD W DO0O00ODDODOOOODOODO!
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SCase "m = S m’". simpl. intros H.
apply eq_remove_S. (x 0 *)
apply IHn’. apply H. Qed.

e J0D0DDOO n =m’
o apply IHn’. 00000 m=m’ 000
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induction U U 0O OO OO OO

0000 P(x) O induction x OO DO OO

e x100D0D00000 Qi(x),...,Qu(x) 0000
0000000000000

Q1(x) = -+ - Qn(x) — P(x)
Jddddddddddooooooooogn

exUOUHOLOUOOLOOODLDOODLOOOOOOO
0oad

» Basicsv U mult_comm OO0 OO0O0OOOO0O
0o

exUOobooboboonbooaog
» intros U OUOOOOOOOMO
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Poly.v 0 [
e OO OOOOO
e JOO CoqgOOO
» apply U OO OO0
» unfold U 0 0O OO O
» inversion U U 0O OO O
» JO000000000O
» JO0000O00000ooooono
» JOOO0O00000 destruct U OO
» remember U 0 0O OO0
» apply ... with ... O4OQ0O0OOO
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e simpl in OO HOOOOOOO

@ symmetry in OO H:a=bUO H:b=al
00

eapply L in HUUO HOODODOO LODOO
»H:P(n) O L:Vx,P(x) > Q(x) OO
»H:Q(n) OO0
ooooooooogl
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Jubogdootdbood

00000 (forward reasoning)

obtddobogoboooboobuoooobd
goooood

00000 (backward reasoning)

OO00d0O0{@oo)ioooooooooooooo
gad

o JUUOLDLODOOOOLODLODLObOUOOODODO

e Cog 00000 (00000O0OO0DOO)0OOOO
(00O0000o00)
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[]

Theorem S_inj : forall (n m : nat) (b : bool),
beq_nat (Sn) (Sm) =b ->
beg_nat n m = b.
Proof.
intros n m b H. simpl in H. apply H. Qed.
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Theorem silly3’ : forall (n : nat),
(beq_nat n 5 = true —>
beq_nat (S (S n)) 7 = true) ->
true = beq_nat n 5 ->
true = beq_nat (S (S n)) 7.
Proof.
intros n eq H.
symmetry in H. apply eq in H. symmetry in H.
apply H. Qed.
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Poly.v 0 [
e LUOOOODOOMNO
e 00O CoqgO O OO
» apply U OO OO0
» unfold U 0 0O OO O
» inversion [0 0O OO O
» 000000000
» O 0O00O00O000000000
» JOOO0O00000 destruct U OO
» remember U U 0O OO0
» apply ... with ... O4OQ0O0OOO
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e destruct 10 000000000000 O0O00O0
. (00000000000000000000
0o)
e 10000000O0O000OO0O

Definition sillyfun (n : nat) : bool :=
if beq_nat n 3 then false
else if beq_nat n 5 then false
else false.

Theorem sillyfun_false : forall (n : nat),
sillyfun n = false.
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@ebeqnat 000 (nO30000050000)00
oooobd
>0 50000000000n>6000000
I A I I I

Proof.
intros n. unfold sillyfun.
destruct (beg_nat n 3).
Case "beq_nat n 3 = true". reflexivity.
Case "begq_nat n 3 = false".
destruct (beqg_nat n 5).
SCase "beq_nat n 5 = true". reflexivity.
SCase "beq_nat n 5 = false". reflexivity.

Qed.
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Definition sillyfunl (n : nat) : bool :=
if beq_nat n 3 then true
else if beq_nat n 5 then true
else false.

Theorem sillyfunl_odd : forall (n : nat),
sillyfunl n = true ->
oddb n = true.

o sillyfun1 U UODDUUOOOUODOOOOOO
0od
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Proof.
intros n eq. unfold sillyfunl in eq.
(* eq : (if beq_nat n 3 then ...) = true

oddb n = true *)
destruct (beg_nat n 3).

Case '"beq_nat n 3 = true".
(x eq : true = true 000000 O0O0O

oddb n = true *)

@ begq_nat n 3 = true J U OOU
beq_nat n 3 = false U OO UOOOOOOOOO
O00O0O0Obeqnat n 3 = trueJoooggtt
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remember [ [1 [ 0] [

gooobobboooobobbooooobbbod

Proof.

intros n eq. unfold sillyfunl in eq.

(x eq : (if beg_nat n 3 then ..

oddb n = true

remember (beq_nat n 3) as e3.

(* eq :
e3 : bool
Heqe3 : e3 = beq_nat n 3

oddb n = true

0ooo O (oooo) 00000 (00 5)

.) = true

*)

*)
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gobe3bbbooooogon

destruct e3.

Case "e3 = true".

(*x eq : true = true
e3 : bool ~ UOOUOOOOO
Heqe3 : true = beq_nat n 3

oddb n = true *)

OOOOHeqe3 U n =300000
apply beg_nat_eq in Heqe3.
(x Heqe3 : n =3 OO0 x*)
rewrite -> Heqe3. (xn=3000 %)
reflexivity.
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remember [ 00O OO OO OO O

e destruct UL DUDUUOOOLODOOOOOODO
oduobobbogooooobuooooobood
ooooobbogn

o JUUUDUDDN xOO U remember U LU O U
o xUDUUMN destruct UL ODODOOOONO
o lIUODUODDUUODDOUDDOUOUDOODODO!
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Poly.v 0 [
e LUUUOOOOODOMNO
e 00O CoqgO O OO
» apply U OO OO0
» unfold U 0 0O OO O
» inversion [0 0O OO O
» 000000000
» O 0O00O00O000000000
» JOO0OO00000 destruct U U U
» remember U U 0O OO0
» apply ... with ... OQOQ0O0OOO

o = = = = 9aco
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apply withUl U U OO O

gooo.bogogd

Theorem trans_eq : forall X:Type (n m o : X),
n=m->m=0 ~->mn = o.

goooobobbobbogooooooobobbbod

Example trans_eq_example’
forall (abcde f : nat),
[a,b] = [c,d] —>
[c,d] = [e,f] —>
[a,b] = [e,f].
Proof.
intros a b c d e £ eql eq2.
apply trans_eq. OOt *)
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Jubogubogun

e UOMO: [a,b] = [e,f]
@ trans_eq :
forall X nmo, n=m->m

Il
(@)
v
B

Il
(@)

U

o CoqgUUIOIOODODODOMO:
» X := nat
» n:= [a,b]
» 0:= [e,f]

enJUI0O0O0OOOODOODODODO!

0ooo O (oooo) 00000 (00 5) November 13, 2012

60 / 62



CoqUDODODOOONO with

Example trans_eq_example’
forall (a bcde f : nat),
[a,b] = [c,d] —>
[c,d] = [e,f] —>
[a,b] = [e,f].
Proof.
intros a b c d e f eql eq2.
apply trans_eq with (m:=[c,d]).
apply eql. apply eq2.
Qed.
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000 11/27 00 10:00 O O

@ Exercise: override_example (1) (0O ODOOOOO
O0000000000000), apply_exercisel
(3) , override_neq (2) sillyex1 (1), sillyex2 (2),
apply_exercise2 (3), plus_n_n_injective (3),

o JUUUDLDDN Poly.vUUDDUOOOOLOONO
ooobobboogd

o JUUUIDODOODOO:
> oo oobooogd

Oo0000000000ooD(@ooooooon
0o0)

» 000000 oboboobooboobooogo
O(webOD)ODOODOOODOOOOODO
(URLO O)O
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