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3 is beautiful

5 is beautiful
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Inductive beautiful : nat -> Prop :=

b_0 : beautiful O
| b_3 : beautiful 3
| b_5 : beautiful 5
| b_sum : forall n m,

beautiful n ->
beautiful m ->
beautiful (n+m).
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Inductive gorgeous : nat -> Prop :=
g_0 : gorgeous O
| g_plus3 :
forall n, gorgeous n -> gorgeous (3+n)
| g_plusb :
forall n, gorgeous n -> gorgeous (5+n).
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Theorem gorgeous__beautiful : forall n,
gorgeous n —-> beautiful n.
Proof.
intros n H.
induction H as [| n’| n’].
x Doobobooobobooooor %
Case "g_0: n=0". apply b_O.
Case "g_plus3: n=3+n’".
apply b_sum. apply b_3. apply IHgorgeous.
Case "g_plusb: n=5+n’".
apply b_sum. apply b_5. apply IHgorgeous.
Qed.
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Theorem gorgeous_sum : forall n m,

gorgeous n —-> gorgeous m —-> gorgeous (n + m).
Proof.

intros n m H1 H2.

induction H1 as [| n’| n’].

Case "n=0". (* Show gorgeous (0+m) *)
Case "n=3+n’". (* Show gorgeous (3+n’+m) *)
Case "n=5+n’". (* Show gorgeous (5+n’+m) *)

Qed.
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Theorem beautiful__gorgeous : forall n,
beautiful n -> gorgeous n.
Proof.
intros n H. induction H as [| | | n’ m’].
(*x beautiful n JODODODOOODO =*)
Case "n=0".
Case '"n=3".
Case "n=b".
Case "n = n’ + m’".
(x DOO0O0OO: gorgeous n’, gorgeous m’ *)
Qed.
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Definition even (n:nat)

: Prop :=
evenb n = true.

def
» even n <= evenb n = true

o JOULOLODLODLDOOOOODO

| ev_.0 : ev 0O (x 0000 %)

| ev_SS : forall n:nat, evn —> ev (S (S n)).

(xn ODODODODODO S(Sn) OO0 %

Inductive ev : nat -> Prop :=
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0 O00O000O0O inversion

goooobbogoooo:

e 00O (induction)

e (OD)DODOOO (destruct)
e JO00ODUOOMO (inversion)
0o:

Theorem SSev_ev : forall n,
ev (S (S n)) —> ev n.

0ooo O (oooo) 00000 (0D 8) December 11, 2012 19 / 45



(1 0 destruct U0 00O OO

Theorem SSev_ev_firsttry : forall n,
ev (8 (S n)) -> ev n.
Proof.
intros n E.
destruct E as [| n’ E’].
(* The goal is still "ev n" *)

en=0000000...
@ remember O OOOO?7
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destruct + remember

Theorem SSev_ev_secondtry : forall n,

ev (8 (S n)) -> ev n.
Proof.

intros n E. remember (S (S n)) as n2.

destruct E as [| n’ E’].

Case "n2 = 0". inversion Heqn2.

Case "n2 =S (Sn’)".

inversion Heqn2. rewrite <- HO. apply E’.

Qed.
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Theorem SSev__even : forall n,
ev (S (S n)) -> ev n.
Proof.
intros n E.
inversion E as [| n’ E’].
apply E’.
Qed.
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CoqO0ODODOODOOD(DDOUOO0)DDOODOOO
O000000000000000 (Prop000)

Check (2 + 2 = 4).
Check (beautiful 8).
Check (2 + 2 = 5).
« JO0O000O00000O0OOoOoOooooog!r %

goooobbod:

Definition plus_fact : Prop :(= 2 + 2 = 4.
Theorem plus_fact_is_true : plus_fact.
Proof. reflexivity. Qed.
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@ Inductive
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o UUMD even U nat -> Prop U O[O
» Joooogoooooo
» 0 00000000000000 (family)
» 0000000 ooo(@o)

o DD DDOOOUOOON:

Definition between (n m o: nat) : Prop :=
andb (ble_nat n o) (ble_nat o m) = true.
Definition teen : nat->Prop := between 13 19.

(x OOOO! *)
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OO0 POOOOODOOOODODOO:
e OO POOODODOO
Definition
true_for_zero (P:nat->Prop) : Prop := P 0.
o IJUIDDUUOnDbOOD POOOOODO
Definition
true_for_all_numbers
(P:nat->Prop) : Prop := forall n, P n.
e PO WIDODODODOOO S OOODODOOO
Definition
preserved_by_S (P:nat->Prop) : Prop :=
forall n’, Pn’> -> P (S n’).
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o JOOOLDODDOO

» forall (n:nat), beq_nat n n =
» forall (f:nat->nat), map f []

o JUUDLDODOMO

>

true

[]

forall (X:Type) (1:1list X), rev(rev 1) =
o HOODDDOOO
» forall (P Q:Prop), P > (P -> Q) -> Q

>

forall (P:nat->Prop) (n:nat),P n -> P(n+0)
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00 (forall)DO0OODOOOO

@ forall (n:nat), beq_nat n n = true

e forall (X:Type), list X -> list X
0000 (fun) 0000000

@ fun (n:nat) => S n

@ fun (n:nat) => beq_nat n n

o fun (X:Type) (1l:1list X) => 1 ++ []

@ fun (P Q:Prop) (H1:P->Q) (H2:P) => H1 H2
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0 ogoggo
Type —-+- nat --- 0, SO0,
I
+- bool --- true, false
I
+- nat -> nat -—— fun n => S (S n)

+- (nat -> nat) -> nat
——= fun f => f (f 0)
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Prop -+-

ooo o

00O
1+1=2
even n
forall (n
forall (f:
forall n,
1+2=25

(oooo)

oboboboboo
--- eq_refl 2

-—— ev_0, ev_SS 0 ev_0,
m:nat), n+ m=m+n
-—— funnm-=> ...

nat->nat),

even n -> even (n+4)

-—— fun n (H:even n) => ...

-—— (O 0)
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Prop OO ODO!
Type —+- ...
+- Prop -+- ...
+- nat -> Prop

| -—— fun n => beq_nat n n = true
+- Prop -> Prop ——— fun P => P -> P
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Prop OO ODO!

Type -+- ...
I

+- Prop -+- ...

+- forall (P:Prop), P -> P

-—— fun P (H:P) => H

+- forall (P:nat->Prop), P O

-—— (o)

+- nat -> Prop
| -—— fun n => beq_nat n n =
+- Prop -> Prop ——— fun P => P -> P
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@ Exercise: gorgeous_sum (2), beautiful__gorgeous
(3), double_even (1), ev__even (1), ev_sum (2),
inversion_practice (1), ev_ev__ev (3)
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@ Inductive U U DO tUOOO

— Jooobogooooobuoooobobod
00U tind0D0OOO0O0OO

Check nat_ind.
nat_ind
: forall P : nat -> Prop,
PO -
(foralln : nat, Pn -> P (S n)) ->
forall n : nat, Pn

o IIOUIDDOOUODD POOOUODODDOO
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induction [ U1 000 [

Theorem mult_O_r’ : forall n:nat,
n*x0=0.

Proof.
intros n. induction n as [| n’].
Case "n=0". reflexivity.

Case "n=S n’". simpl. apply IHn’.
Qed.
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inductionl U1 0000100 O

Proof.
apply nat_ind.
Case "0". reflexivity.
Case "S". simpl. intros n IHn.

rewrite -> IHn. reflexivity.
Qed.

enat_ind UL DUUOUOUOUONintros n. U OO
o JUUUUDDUUMN intros U

e JIOODODODOOOOODODODO CoqOO
» Case "S" O n OO
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Inductive t : Type :=

cl : ... >t
| cn : ... >t
U
t_ind :
forall P : t -> Prop,
.caseforcl ... —>
->
.caseforcn... —>

foralln : t, Pn
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0 (1)

Inductive yesno : Type :=
| yes : yesno
| no : yesno.

Check yesno_ind.
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7 (2)

Inductive natlist : Type :=
| nnil : natlist
| ncons : nat -> natlist -> natlist.

Check natlist_ind.
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Inductive list (X:Type) : Type :=
| nil : list X
| cons : X -> 1list X -> list X.

Check list_ind.

e J0OOO natlist OO
e JI0OOOXOOOODODOOOOOO
e list_ind O TOOOOO
TOOOODOODODOOOoOooooooooao
000 (00)0oC
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