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Poly.v D% Y

o A= 1EBE
e unfold #7077 4v 7

AT (AR SHE B (20 5)



B % 1k 5 B

o WMMBEATRALDIC, TEIEEKIE T—FAHZR
TR EEZOND

o B ZRIEMDE > BRI (?)EVWAZRT
HLD

- EHEAR = 1F 5B
- AR DOEF = —HEEY RN
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TR % /F 2 B

Definition constfun {X: Type}
(x: X) : nat->X :=
fun (k:nat) => x.

Definition constfun’ (x TNTHREL *)
{X: Type} (x: X) (k: nat) : X := x.

Definition ftrue := constfun true.
(* a function that always returns true *)

Example constfun_examplel: ftrue 0 = true.
Example constfun_example2: (constfun 5) 99 = b.

EHEHME (ZD 5) December 2, 2014 4/63



FEBO—EHDRYEDCEE

o f: BAB ZERIT & T R
o HAM k LA DT—4 x

f[kl—)X]défgs.t. {g( ; z

g(n f(n) (if n # k)

Definition override {X: Type}
(f: nat->X) (k:nat) (x:X) : nat->X :=
fun (k’:nat) => if beq_nat k k’ then x
else f k’.
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Definition fmostlytrue :=
override (override ftrue 1 false) 3 false.

Example override_examplel
fmostlytrue 0 = true.
Example override_example?2 :
fmostlytrue 1 = false.
Example override_exampled :
fmostlytrue 2 = true.
Example override_example4 :
fmostlytrue 3 = false.
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o CODBERHMBIETIE override ZRILEWVE T

o BAMEBZIALEY

o TDIDICE IV LI VTAvIZRAFL LD

o WO TH, ZOEETHN—T2HANEDHHE
T, D override IFHTIRVWDTY A
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unfold¥ V74 7
(Definition ICL ) ERERAT 25 VT4 7

Theorem unfold_example : forall m n,
3+n=m->
plus3 n+ 1 =m+ 1.
Proof.
intros m n H.

(*x 3 +n & plus3 n EEH
Definition plus3 x :=
ICEYFLWY, (BB IEED *)

unfold plus3.
rewrite -> H.
reflexivity. Qed.
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Theorem override_eq :
forall {X:Type} x k (f:nat->X),
(override f k x) k = x.
Proof.
intros X x k f.
(* simpl. TId Definition (FEEAINARL *)
(* compute. (XEHT 57,
T—ILIE B IEPIEEEREE *)

unfold override.

rewrite <- beq_nat_refl.
reflexivity.
Qed.
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MoreCoq.v

@ apply ¥ 774w Y

@ apply ... with ... 974w 7
@ inversion ¥ 7714V Y

o ¥ VT AV IV ZREICH L THED

o FMEDIREZZEAZ D

o EEMAICEET % destruct DfFEF
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apply ¥ V74w 7

FRZEZD L REMNMST—IDNEEFERD TOND
BFICHED
Theorem sillyl : forall (nm o p : nat),
n=m ->
[n,o] = [n,p] ->
[n,o] = [m,p].
Proof.

intros n m o p eql eq2.
rewrite <- eql.

(x T—JVIFIRTE eql &AL [n,0] = [n,p] *)

(x rewrite —> eq2. reflexivity. DRDHYIT *)
apply eq2.

Qed.
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apply ¥ 797 14v 7
FERETD2: -V 2EL LODRIHRFMHICHES
Theorem silly2 : forall (nm o p : nat),
n=m ->
(forall (g r : nat), q =r -> [q,0] = [r,pl)
[n,o] = [m,p].
Proof.
intros n m o p eql eq2.
apply eq2. apply eql.
Qed.

o EMEILINLIRE eq2 N q:=1n, r :=m EELF
EIhTEDATWS
o BEMMEINAANRE M n = n HFARI - ERDB
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apply DfEWEA

&Y —fRI,

o Q(k) ETTBENDD

o MEED x IZDWT P(x) 7261d Q(x)1 NERILY
BTl (EEELT)BIChI>TWS (B, RE
INTL3)

o (BT BE P(k) 25 1E Q(k) BDT), P(k)
ZRTIEILT D

EWDHERBERICHER S.
= +OFHITH> TV B!
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apply H DZEE]
RE H:Vx1,...,Xm,
P1(X1, ,Xm) —

P (xla axm) — Q(X],...,Xm)
J—Jb Q(kh m)

| apply H

#FI—I Pi(kiy..., km)
(n &) '

Pa(kiy. .. km)
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J—JL & apply DB DEERD~ v F
V7

Theorem silly3_firsttry : forall (n : nat),
true = beq_.nat n 5 ->
beq_nat (S (S n)) 7 = true.
Proof.
intros n H.

simpl.
(* Here we cannot use [apply] directly *)
Abort.
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symmetry ¥ 7 T A4V 7
FADEEZV > YIRY

Theorem silly3 : forall (n : nat),
true = beq_.nat n 5 ->
beq_nat (S (S n)) 7 = true.

Proof.

intros n H.

symmetry.
simpl. (x EIIARE: apply (FEMEZLICITI ! *)
apply H.

Qed.
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MoreCoq.v

@ apply Y7749V 7

@ apply ... with ... 974w 7
@ inversion ¥ 7 74V Y

o ¥V T4V xREICHTLTED

o IFNEDIREZZEAD

o EEMAICEET % destruct DfFEF
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apply with¥ 774w 7
BT FSDHRE

Theorem trans_eq : forall X:Type (n m o : X),
n=m->m=0 ~—>n=o0.

=L Y EBRRNGHICOWTOIIRATHEI Z & 2&EX 5.

Example trans_eq_example’

forall (abcde f : nat),
[a,b] = [c,d] ->

[c,d] = [e,f] ->
[a,b] = [e,f].
Proof.
intros a b c d e £ eql eq2.
apply trans_eq. (x TT—1 %)
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AR 27D ?

e J—Jl: [a,b] = [e,f]
@ trans_eq :
forall X (nmo: X), n=m ->m

Il
(e}

|
\4
s

Il
(e}

U
o Coq hh>TL< MBI &:

» X := list nat

» n:= [a,b]

» 0 := [e,f]
omZEIITREINILMNLAEW
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CoqlcEY x5 Z % with

Example trans_eq_example’
forall (a bcde f : nat),
[a,b] = [c,d] —>
[c,d] [e,f] —>
[a,b] = [e,f].
Proof.

intros a b c d e f eql eq2.
apply trans_eq with (m:=[c,d]).

apply eql. apply eq2.
Qed.
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SHDOAA VA Za2—

MoreCoq.v

apply 97971497

apply ... with ... %9774v 7
inversion # 7 714v Y

S0T74v I REICHTLTHED
JBHEDIREZZE A S

o EEMAICET % destruct DfFEF
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BRI OWTHEY

BARBDME:

HBan T DR (BMENRNEDRKRT —R)

n:nat X5 n=0FkiEn=Sn71%nH
F1r

OVRANZ741E T1x 1EB# (injective)

EFED n,mICO2WT Sn=Sm#AS5En=m
HRZAVANZ759EFFLL GV
EFEDnICDODVWT O#Sn(FELWELEDS, ThiE
F &)
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ftLDIFHHEZ TCERALZ &

@ AVANZYUH D injectivity

o BERBZAVANTVAINLELNE T —FIFRLT
FLLLRSARW

NWZ B

= INL%ZFEHATZDD inversion § 9714y
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inversion ¥ 77 14v 7 (1)

H:ca - a,=db; --- b,

P
| inversion H. (¢, d DA LFE

H1 dap = b1

H, : a, = b,

P (PICHLUT Hy, ..., H, B EXHALRE)
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inversion MFFEH (1)

Theorem eq_add_S : forall (n m : nat),
Sn=8Sm->n=nm.

Theorem silly4 : forall (n m : nat),
[n] = [m] -> n = m.

Theorem silly5 : forall (n m o : nat),
[n,m] = [0,0] => [n] = [m].
(x AVARZ7INANFRICE>TVTE
FEDHDTHRLTIND *)

EHEHME (ZD 5) December 2, 2014

25 / 63



inversion (2)

H:ca ---a,=db; --- by

P
| inversion H. (¢, d D& D IHFE
RENFELTVWDDT, ZOIT—IVIZMHEH
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inversion M#FHE (2)
FEAFBELTVWADTATE W B!

Theorem silly6 : forall (n : nat),
Sn=0->2+2=25,

Theorem silly7 : forall (n m : nat)
false = true -> [n] = [m].
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inversion M#FH (3)

Theorem length_snoc’
forall (X : Type)
(v : X) (1 : 1list X) (n : nat),
length 1 = n -> length (snoc 1 v) = S n.
Proof.
intros X v 1. induction 1 as [| v’ 1°].

Case "1 = [I". (x AHB& *)
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Case "1 =v’> :: 1",

intros n eq. simpl. destruct n as [| n’].

SCase "n = 0".
inversion eq.

SCase "'m = S n’".
apply eq_remove_S. apply IH1’.

(x IRTE eq DZEILIE S (length 17) ICFELLY %)
inversion eq. reflexivity.

Qed.
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injectivity D&

Theorem f_equal : forall (A B : Type) (f: A —>
x=y >fx=1y.

o I—ILAFEXTHEHED (L& ERIFED] KFICHE
S &, EIEDN T IV > TER
o (FFIC inversion ¥ 7 7 14w 7 IR KR W)

EHEHME (ZD 5) December 2, 2014 30 / 63



MoreCoq.v

@ apply Y7749V 7

@ apply ... with ... 974w
@ inversion ¥ V714V Y

e ¥V T4V JxREICHTLTHED

o IFNEDIREZZEAD

o EEMAICEET % destruct DfFEF
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SIT4Y IV EREICKLTHED

e simpl in H: IRE H DAAE %= &L

o symmetry in H{RE H:a=b%Z H:b=a Il
ERS

e apply L in H: RZE H ICRIDIRE L %#EHA
» H: P(n) & L:Vx,P(x) = Q(x) b
» H: Q(n) 2&<
RO ARl ISOER!
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HIMA X HEam & R A S R

Bi[A X #E5R (forward reasoning)

BRAODEEPEHEEEVW REZHAGHLET, LWL

HIMf % 15 % HEsR

%[ = 33/ (backward reasoning)

SLEWHRT (T—IL) DD, ZEhEE5 2 5+95F I

% s

o JHIZHY - IRV OX B & IFER QD TER

o Coq TOHEMRIF (JRMEDEALEHT) 2 TEEN
(ZHEVWIRETD)

e apply (¥#&M X, apply in H IXRIA X
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51

Theorem S_inj : forall (n m : nat) (b : bool),
beq_nat (Sn) (Sm) =b ->
beg_nat n m = b.
Proof.
intros n m b H. simpl in H. apply H. Qed.
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51

Theorem silly3’ : forall (n : nat),
(beq_nat n 5 = true ->
beq_nat (S (S n)) 7 = true) —>
true = beq_.nat n 5 ->
true = beq_nat (S (S n)) 7.
Proof.

intros n eq H.
symmetry in H. apply eq in H. symmetry in H.
apply H. Qed.
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MoreCoq.v

@ apply Y7749V 7

@ apply ... with ... 974w
@ inversion ¥ V7 14v Y

@ ¥V T4V JxREICHTLTHED

o IFNEDIREZZEAD

o EEMAICEET % destruct DfFEF

EHEHME (ZD 5) December 2, 2014 36 / 63



JEHEIC & DEEBADE & LN

o IFIEIL TMER®D x ICDWT, P(x)] DRFDHIHR
ZEERR Y B R0UE

o P DEVAHICL > TEAN I <L Lot LWHAR
Mo d B

o (BRICBIZLIBRICEELIZAEWVWSBTLLI)
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D F < WHRWEERA DA (1/3)

Theorem double_injective_FAILED : forall n m,

double n = double m ->
n = nm.
Proof.

intros n m. induction n as [| n’].

@ 2ZT® P(n) I&

double n = double m -> n = m.
@ RINTIZ &

» P(0)

» V', P(n') — P(S(n'))
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D F < WHRWEERR DA (2/3)
P(0) %R

Case "n = 0".
simpl. intros eq. destruct m as [| m’].
SCase "m = 0". reflexivity.
SCase "m = S m’". inversion eq.

o mIIDWTIHFERIF. m=S(m') OBE, ~t*%
DEHEBRWVWIT—NICABZD, ARFIRESFET S0
T inversion T OK

o simpl FRBLZLC T 274 (FICHETIFAEW)
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D F < WHRWEERA DI (3/3)
vn', P(n') — P(S(n')) =Y.

Case "'m =S n’".
intros eq. destruct m as [| m’].
SCase "m = 0". inversion eq.
SCase "'m = S m’". apply f_equal.

o XTHOI—IIEVn',P(n') — P(S(n')) EDEDT
F2 <, o, IFEDIRETH S P(n’) & P(S(n'))
DIREER4S double n’ = double m -> n’ = m A
XARICFE > TW5

o mICDWTHZEDLIF. m=0 DEEIE—ELH: -
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1 subgoals, subgoal 1 (ID 580)

SCase := "m = S m’" : String.string
Case := "m = S n’" : String.string
n’ : nat
m’ : nat

IHn’ : double n’ = double (S m’) -> n’ = S m’
eq : double (S n’) = double (S m’)

@ IHN DL/ n> = m? LR
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ANFFMro>7=0h

o PO m EXIRICHZ m, THbS (AHEHKE
OSBRI RED m Z5RLTWS
o REXL7<FEEFADHRHA T Coq ICfmA T &
s Tnom ZASHDOBEBRBELELD. ZFD ny,m I
DWT double n = double m 72 51E n=m ’C
HDZEHE nIIDOVWTDIRWETREIERD

o TDERDODI—IL:

» double 0 = double m 250 =m THB I &
» Tdouble k = double m 725E k = m1 H
[double (S k) = double m 751X S k = m|

HERITDBIE

* ZOIT—IEBH LUV (FEZD ERL)]
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ADRBHLVD ?
EERIEODDSBRWHREED m ICDWT,

[double k = double m 7253 k = m]
THdEnbhnid,

[double (S k) = double m 751X S kK = m|
IFEEBATE %

EWHDERI(m=57RELTEATHL)
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&Y MW\ Fak%zES

Theorem double_injective : forall n m,
double n = double m ->
n = m.
Proof.
intros n. induction n as [| n’].

@ m % intros L7\ T induction %79 5.
@ JZTH® P(n) I&
forall m, double n = double m -> n = m.
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Case "n = 0".
simpl. intros m eq. destruct m as [| m’].
SCase "m = 0". reflexivity.
SCase "m = S m’". inversion eq.

o m ICDWTDHEDITDHEIIC intros m NMIHE
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Case "m = S n’". (x X1 %)

intros meq. (* ZZTm % TEE] §5% %)

destruct m as [| m’].

SCase "m = 0". inversion eq.

SCase "'m = S m’".
apply f_equal. (x X2 x)
apply IHn’. (* simpl in eq. *)
inversion eq. reflexivity. Qed.

o (X1) KMLAKLIYEL—BNAIE (YmMDE)%E
TRy EERODLNTWS
o A, IRMLEDIRE IHN 12 Vm DL\ TW3!
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(% 2) DR E T—IV I
1 subgoals, subgoal 1 (ID 663)

SCase := "m = S m’" : String.string
Case := "m = S n’" : String.string
n’ : nat
IHn’ : forall m : nat,

double n’ = double m -> n’ =m
m’ : nat

eq : double (S n’) = double (S m’)

n’ = m’
o BHEDIRED EED m] %= m’ TEMAFKILT®
i Lo,
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20

o IBIEAME IR T—ILABEICEMARMICAA > TL
BRULWHERE &

on& MICDWTOMES n ICDWTDIEIETEE
B 208, mIFELINFEFHRLTELDLELD
L2EDHB

orV?%T“*#JkDV?@Lﬁ%MﬁUEﬁB
BRWNTY -
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=tDIEE EBE1L

STEFEDEERZE mICEATBIRNETHRLLI ET
5EEUSCKMT S.

Theorem double_injective : forall n m,
double n = double m ->
n =m.

Proof.

intros n m. induction m as [| n’].
(* intro 7L T induction m LTCTHEREL! %)
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generalize dependent ¥ 7 7 4w ¥
XRTIRELIEHZBOLMELRT I T4V 7

Theorem double_injective_take2 : forall n m,
double n = double m -> n = m.

Proof.
intros n m.

generalize dependent n.
(+ T—ILHEL forall n, ... DFITHED *)
induction m as [| m’].
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HAGEIC X D EEEH
JZAED P AMaMZEARL & D!
EE: EEDBEARE ny,m ICDOWT
double n = double m %251 n=m T
%)
EEBH: n ICDWTDIRIMET MMEED m ICDWT
double n = double m 25X n=m TH 3] %
Y.
o n=0DFE: EED mICDOWT
double 0 = double m 725X 0 =m TH 3] %
Y.

EHEEHRE (ZD 5) December 2, 2014 51 / 63



en=Sn DBE, L, FEEDO mICTDWVWT
double n’ = double m 725 n' = m TH 3, &
9 5.
DR TEED m IZDWT
double (S n’) = double m 725X (S n') = m T
H5] =Y.
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MoreCoq.v

@ apply ¥ V74w Y

@ apply ... with ... 971497
@ inversion ¥ V7 4v Y

@ ¥V T4V VEREICKLTHED

o IFINEDREZZEZ S

o BEEMARICEAT % destruct DfFEF

EHEHME (ZD 5)



EENLRRNICET 25507

o destruct DBIFUIXARICH BZEH TR TEHELW

 (ERDY U T 1y 7 E RN DA
nz)
o X—MEICDWVTDIEELIF AT

Definition sillyfun (n : nat) : bool :=
if beq_nat n 3 then false
else if beq_nat n 5 then false
else false.

Theorem sillyfun_false : forall (n : nat),
sillyfun n = false.
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@ beq_nat DFER (n B3IHEI D, 5NEIN)ICD
WTDIGZEDIT
» n S LT DIZEEMERIC, n > 6 DIFE%IFH
SETHM, EWOFEHDEHE LhAL-

Proof.
intros n. unfold sillyfun.
destruct (beq_nat n 3).
Case "beq_nat n 3 = true". reflexivity.
Case "beq_nat n 3 = false".
destruct (beg_nat n 5).
SCase "beq_nat n 5 = true". reflexivity.
SCase "beq_nat n 5 = false". reflexivity.

Qed.
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B DB

Definition sillyfunl (n : nat) : bool :=
if beq_nat n 3 then true
else if beq_nat n 5 then true
else false.

Theorem sillyfunl_odd : forall (n : nat),
sillyfunl n = true —->
oddb n = true.

o sillyfunl NEZIRT /O DMEFMLIE T5IHN
A

EHEHME (ZD 5) December 2, 2014 56 / 63



Proof.
intros n eq. unfold sillyfunl in eq.
(x eq : (if beg_nat n 3 then ...) = true

oddb n = true *)
destruct (beg_nat n 3).

Case "beg_nat n 3 = true".
(x eq : true = true < ZUDEFMIELDIFR

oddb n = true *)

@ beqg_nat n 3 = true DiFH &,
beq_nat n 3 = false DIFHFTAIFLDEHEY 78D
I, FFD®Dbeg_nat n 3 = true AHA TL B!
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destruct eqn: ¥ 7714V 7Y
BEDITOFRDIICDWTDIFER % ARICIENM

Proof.
intros n eq. unfold sillyfunl in eq.
(x eq : (if beq_nat n 3 then ...) = true

oddb n = true *)
destruct (beq_nat n 3) eqn:Heqge3.
(* Hege3 : beq_nat n 3 = true

eq : true = true (x ZIIFEFTEE *)

oddb n = true *)
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HElE, Heqe3 S n = 3 B hH 5.

Case "e3 =true".

apply beq_nat_eq in Heqe3.

(* Heqe3 : n = 3 IC78 5% %)

rewrite -> Heqe3. (¥ n = 3 ZflA *)
reflexivity.

o e3 = false DIZFEIF, I HIC
destruct beq_nat n 5 eqn:Heqeb.
THAN I
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B8 : 12/16 F8110:30 #HFt]

@ Exercise: silly_ex (2), sillyex1 (1), sillyex2
(2), plus_n_n_injective (3), beq_nat_true (2),
gen_dep_practice (3), override_shadow (1),
destruct eqn practice (2)

o BEEEZIAAT MoreCoq.v ETDT7 74 ILE
T%?/74/h&/ZTA%%kam

o L% XY MRAICHEAEE:

- EE - RBICEHY 2EM, bMYICKWERLK
&, TOMKUIARB I E. ((THRITRLL 1FH A
T9. )
EER%K?%BDL6\%®A®%ﬁ,%®§
Bt (web 2 &) Z#5EIC L BE, TOERIE
(URL 72 &).
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