Nat

Syntax:

Judgment Form(s):

Derivation Rules:

n € Nat :=Z|S(n)

11 plus ng is ng

nq1 times ng is ng

Z plus n is n

n1 plus ng is n

S(ny) plus ng is S(n)

Z times m is Z

ny times mno is ng ng plus ng is N4

S(ny) times mno is ngy

(P-ZERO)

(P-Suco)

(T-ZERO)

(T-Suco)



CompareNat1

Syntax:
n € Nat :=Z|S(n)

Judgment Form(s):

nq is less than no

Derivation Rules:

(L-Succ)
n is less than S(n)

ni is less than no Ny is less than ng (L T )
-1 RANS

n1 is less than ng



CompareNat2

Syntax:

Judgment Form(s):

Derivation Rules:

n € Nat :=Z|S(n)

nq is less than no

Z is less than S(n)

n1 is less than ng

S(ny) is less than S(ns)

(L-ZERrO)

(L-SuccSucc)



CompareNat3

Syntax:
n € Nat :=Z|S(n)

Judgment Form(s):

nq is less than no

Derivation Rules:

(L-Suco)

n is less than S(n)

nq is less than no (L g R)
-OUCC

n1 is less than S(nsg)



EvalNatExp

Syntax:

n € Nat :=Z|S(n)
ecExp:=n|e+te|exe
Judgment Form(s):
elln
n1 plus ng is ng
nq times ng is ng

Derivation Rules:

_— (E-ConsT)
n{n
e1 | n1 es | no ny plus ng is n
P (E-PLus)
er1t+ezxln
e1 | nq1 es |l no ny times mng is n
(E-T1MES)
e1xexln
(P-ZERO)
Z plus n is n
ny plus n2 is n
P (P-Succ)
S(n1) plus ng is S(n)
(T-ZERO)
Z times n is Z
ny times ng is ns N9 plus ng is ng
P (T-Suco)

S(ny) times ng is ng4



ReduceNatExp

Syntax:

n € Nat :=Z|S(n)
ecExp:=n|et+te|exe
Judgment Form(s):
e1 — €y
€1 —q €2
e — €2
n1 plus ng is ng
nq times ng is ng

Derivation Rules:

n1 plus ng is ng

(R-PLus)
ny times ng is ng (R-TIMES)
’/
€1 — €
(R-PLusL)
e1+ex — € +es
’/
ey — 62
(R-PLUSR)
e1+ex —eq + 6’2
’/
el — e
1 (R-TiMESL)
e] xeqg — e;. * e
ey — e,
2 (R-TIMESR)
e1 ez — ey x e
ni plus ng is ng (DR-PLUS)
ny+ng —gng
ny times n2 is ng (DR-TIMES)

N1 *nNg —>q N3



€1

’
7d €,

el t+es

€2

’
s

’
7d €9

n, + ey

€1

’
—>d N1 te,y

’
—d €7

€1 * eq

€2

—d 6/1 * €9

/
”d €y

Nnq * €

’
7d M1 *62

Z plus n is n

ni1 plus ng is n

S(n1) plus ng is S(n)

Z times m is Z

Ny times ng is ns

ng plus ng is ng4

S(ny) times ng is ng4

(DR-PLUsSL)

(DR-PLUSR)

(DR-T1MESL)

(DR-TMESR)

(MR-ZERO)

(MR-Muvtr)

(MR-ONE)

(P-ZERO)

(P-Succ)

(T-ZERO)

(T-Sucoe)



EvalML1

Syntax:

Judgment Form(s):

Derivation Rules:

1 € int
b € bool
v € Value :=1|b
ecExp:=i|b|eope|if e then e else e
op € Prim:=+|-|*|<

elw

21 plus 2o is i3
21 minus %2 is 3
121 times i is 13

21 less than 15 is bg

|

blb

e1 | true e v

if e; then es else eg | v

e1 | false ez |l v

if e; then es else eg | v

el U« ’il €2 U ’i2 ’il plus ’ig is ’i3

e1+ez i3

el 11 el i 21 minus %9 is i3

e1-ez i3

e1 11 e ig 21 times 1o is i3

e1xez | i3

(E-INT)

(E-Boovr)

(E-IFT)

(E-IFF)

(E-Prus)

(E-MInus)

(E-T1MES)



el 1 ez | g 21 less than i is b3

(E-Lr)
e; <es U b3

lia = &1 +42) (B-PLUS)

i1 plus 22 is 13
i = &1 — 42) (B-Minus)

21 minus %o is 13
(ia = &1 » ) (B-T1MES)

21 times %o is i3
(b3 = (11 < ’Lg)) (B_LT)

21 less than i3 is bg



EvalML1Err

Syntax:
1 € int
b € bool
v € Value :=1|b
r € Res := v | error
ecExp:=i|b|eope|if e then e else e
op € Prim:=+|-|*|<
Judgment Form(s):
elr

11 plus 22 is i3

21 minus %o is i3

121 times 1o is i3
21 less than i is bg

Derivation Rules:

— (E-InT)
il
(E-Boov)
blb
ey | true ex v
(E-IFT)
if ey then es else egl v
e1 | false ez v
(E-IFF)
if e; then e3 else eg | v
el 1 e i 21 plus i is i3
- P (E-Prus)
eptez |3
el 1 es i 21 minus %9 is 13
- (E-Minus)
er-ez 13
e1 11 e ig 21 times 1o is i3
(E-T1MES)

e1xez | i3



el 1 ez | g 21 less than i is b3

61<62Ub3

(i3 = i1 + i2)

i1 plus 22 is 13

(i3 =11 — 12)

21 minus %o is 13

(’i3 = 1',1 * 22)

21 times %o is i3

(b3 = (11 < ’Lg))

21 less than i3 is bg

elllb

e1 +es | error

€2llb

e1 +eq | error

ey |} error

e1 +es |} error

es || error

e1 +eq |} error

ellLb

e1 - eg | error

ezllb

e1 - es || error

e | error

e1 - eq | error

es || error

e1 - es |} error

elllb

e1 *x eq |} error

(E-Lr)

(B-PLus)

(B-Minus)

(B-T1MES)

(B-Lt)

(E-PrusBooLL)

(E-PLusBooLR)

(E-PLUSERRORL)

(E-PLUSERRORR)

(E-MinusBooLL)

(E-MinusBooOLR)

(E-MINUSERRORL)

(E-MINUSERRORR)

(E-TimMeEsBooLL)



62U,b

e1 * es |} error

e || error

e1 * e || error

es |} error

e1 *x eg || error

elllb

e1 <eg | error

82Ub

e1 <eg |l error

ey |} error

e1 <eg | error

es || error

e1 <eg | error

ellli

if

e1 then e else es | error

e | error

if

e1 then e else eg | error

e | true es || error

if

e1 then eg else ez | error

e1 | false es | error

if

e1 then e else e3 | error

(E-TiMESBOOLR)

(E-TIMESERRORL)

(E-TiMESERRORR)

(E-LtBooLL)

(E-LTBoOLR)

(E-LTERRORL)

(E-LTERRORR)

(E-TIFINT)

(E-IFERROR)

(E-IFTERROR)

(E-IFFERROR)



EvalML2

Syntax:

7 € int

b € bool

x,y € Var

v e Value =14 | b
EcEnvi=e| & x=v

ecExp:=i|b|x|eope|if e then e else e|let x

op € Prim =+ |-|*|<
0000 e« (00UDODODODOO)ODDOODDOOUODDODO
Judgment Form(s):
Erelw
11 plus 22 is i3
21 minus %o is i3
121 times i is 13
21 less than 25 is bg

Derivation Rules:
Eril

EFbID

E,x=vhkx|v

(y#a:) Erz| v
Ey=viFxl v

Sl—elllil 8"62@’1:2 il plus iz is ’i3

8}—61*'62“7:3

8|—ellli1 5|—€2U’i2 ’1:1 minus 1:2 is 1:3

g}—61—62ll7:3

e in e

(E-INT)

(E-Boovr)

(E-VAR1)

(E-VAR2)

(E-PLus)

(E-Minus)



Erel |11 Eres | ia 21 times 1o is i3

8F61*62Ui3

Sl—elliil Eteslis 21 less than 75 is bg

g|_€1<62~Ub3

EF e | true Ehlex v

EF if ey then e else ez | v

EF e || false Ereslv

EFif e; then eg else ez | v

Ere v E,x=vitex v

EFlet © = e; in ex v

(i3 = ’i1 + i2>

11 plus 22 is i3

(i3 =11 — 12)

21 minus %o is i3

(’i3 = ’il * iz)

121 times %9 is 13

(bg = (’il < 12))

21 less than 15 is bg

(E-T1MES)

(E-Lr)

(E-IrT)

(E-IFF)

(E-LET)

(B-PLus)

(B-MinNus)

(B-T1MES)

(B-Lt)



EvalML3

Syntax:

7 € int

b € bool

x,y € Var

veEValue =i | b| (E)[fun = — €] | (E) [rec = = fun y — €]

EcEnvi=e| & x=v

ecExp:=i|b|x|eope|if e then e else e|let = = e in e
|fun * > e|ee|let rec x = fun y — e in e

op € Prim =+ |-|*|<

0000 e« (00ODODODODOO)ODDOODOODOODODODOD

Judgment Form(s):
ErFelw
11 plus 22 is i3
21 minus %o is i3
21 times %o is i3
121 less than i is bg

Derivation Rules:

_— (E-INT)
EFil1
_ (E-Boor)
EFbLYD
Ete true Ete v
14 24 (E-IFT)
EFif e; then eg else ez | v
Ete false Ete v
14 3 (E-TFF)
EF if ey then e else eg | v
Ete 1 Ete 1 11 plus 29 is 1
1 2 22 1p 2 3 (E-PLUS)

8F61+€2Ui3



El—elth g|—62U,i2

8F61—62Ui3

11 minus %9 is 13

8"61“«7:1 8|—62lli2

8}—61*62Ui3

121 times %o is 13

8Fellli1 gkezl}’iz

8"61<62Ub3

21 less than i3 is bg

E,x=vkax|v

(y # x) Er x| v
Ey=vikxz| v

Ere v

EFlet ©x = e; in e3 | v

Exrx=vikexylv

EFfun x — e | (€)[fun x — €]

Eter | (&) [fun = — eg] Ekles | vy Ery,x=volkeg v

Ehterex v

E,x=(E)[rec x = fun y —e1llkex v

EFlet rec x = fun y — e1 in eg | v

Eter | (&) I[rec x EFes | v
Exy,x=(E)[rec ¢ = fun y > egl,y=vateg v

Eterex v

fun y — egl

(i3 = 11 + i2)

11 plus 12 is 13

(i3 =11 — 12)

21 minus %9 is 13

(’i3 = 1:1 * ’Lz)

21 times %o is i3

(b3 = (’Ll < ’Lz))

21 less than i is bg

(E-MiNus)

(E-T1IMES)

(E-L1)

(E-VAR1)

(E-VAR2)

(E-LET)

(E-Fun)

(E-App)

(E-LETREC)

(E-APPREC)

(B-PLus)

(B-Minus)

(B-T1MES)

(B-Lt)



NamelessML3

Syntax:

1 € int

b € bool

x,y € Var

n € int

X € VarList :=e¢ | X,z

ecExp:=i|b|lx|eope]|if e then e else e|let x
|fun ©* > e|ee|let rec * = fun y — e in e
dcDBExp:=i|b|#n|dopd|if d then d else d|1let
|fun . —>d|dd|let rec . = fun . —>d in d

op € Prim =+ |- | *|<

0000 e (D00UOOODOUD)DOODOOUODOOOD

Judgment Form(s):
XFe=d

Derivation Rules:
XtHi1—1

X+Fb=1b

X|—€1:>d1 X|—62:>d2 X|—63:>d3

X Fif e; then eg else e3 — if d; then dp else d3

Xte— di X+ ey — ds

Xte+tes—di+ds

X|—€1:>d1 X|—62:>d2

X|—61—62:>d1—d2

X|—61:>d1 X|—62:>d2

X|—€1*62:>d1*d2

Xte — di X ey — ds

Xttei<ey—=— di<ds

.=d in d

(Tr-INT)

(Tr-BooL)

(Tr-IF)

(Tr-PLuUS)

(TrR-MINUS)

(Tr-TIMES)

(Tr-Lr)



(n=1)

(Tr-VAR1)
X,xkFax= #n
x XFHx— #n ne=n1+1
7 @) ! (m2 1+ 1) (TR-VAR2)
X,y x = #ng
XtFe = d; X, xt e = do
(Tr-LET)
XtFlet € = e; in es =— let . = d1 in d»
X,xFe=d
(Tr-FuUN)
XFfun £ > e— fun . > d
Xtel—d XtFexy—d
! ! 2 2 (Tr-AppP)

X|—6182:>d1d2

X,:I:,yl—61:>d1 X,w|—62:>d2

X Flet rec x = fun y — €1 in epg =—> let rec . = fun . > dj in ds
(Tr-LETREC)



EvalNamelessML3

Syntax:

1 € int

b € bool

n € int

w € DBValue :=i |b| (V) [fun . > d] | (V) [rec . = fun . — d]

V € DBValuelList :=e | V, w

dcDBExp:=i|b|#n|dopd|if d then d else d|let . =d in d
|fun . —>d|dd]|let rec . = fun . —d in d

op € Prim =+ |-|*|<

0000 e« (00O0DOOODOO)ODDOODOODOODODODOD

Judgment Form(s):
ViEd| w
11 plus 22 is i3
21 minus %o is i3
21 times %o is i3
21 less than i is bg

Derivation Rules:

_— (E-INT)
Viili
_ (E-BooL)
VEbUb
Vit dq | true Vids | w
14 2 4 (BIFT)
VIt if di then dg else d3 | w
Vit d; | false VEdsl|w
14 34 (E-TFF)
VI if di then dy else d3z | w
ViEdi |1 VEdsy |1 21 plus %9 is ¢
1 2 22 1P 2 3 (B-PLUS)

Vidy+da i3



ViEdp | Vids | i 21 minus %9 is i3
ViEdy-dz i3

v}_dlhﬂll VI_dzl}’lQ ’il times ’i2 is 'i3
V|_d1*d2~ui3

ViEd | Vids | 2 121 less than 13 is b3
VI—d1<d2l}b3

(V[n] = w)
Vii#nl| w

ViEdy ) w V,wy Fda | w
Vilet . =d; in d2 | w

VEfun . —>d{ (V) [fun . — d]

VI—dlll(V2)[fun.—>d0] v}_dzlLQUQ V2,'lU2|—d0llw

Vl—d1d2ilw

V., (V) [rec .
VI let rec .

fun . > di]l Hds | w

fun . > dy in dg | w

VEdi | (Vg)lrec . = fun . — dpl Vids | ws
Vs, (Va) [rec . = fun . = dgl, w2 - dp | w

V'_dldgllw

(i3 =11+ iz)

11 plus 22 is i3

(i3 =11 — 12)

21 minus %o is i3

(’ig = il * ’Lz)

21 times 29 is 13

(b3 = (’il < ’1,2))

21 less than 19 is bg

(E-MiNus)

(E-T1MES)

(E-Lt)

(E-VAR)

(E-LET)

(E-Fun)

(E-App)

(E-LETREC)

(E-ApPREC)

(B-Prus)

(B-MInus)

(B-T1IMES)

(B-Lr)



EvalML4

Syntax:

7 € int
b € bool
x,y € Var

veValue:=1i|b| (E)[fun = — el | (E)[rec * = fun y— el | [1]|v::

EcEnvi=e|& x=v

ecExp:=i|b|x|eope|if e then e else e|let ¢ = e in e
|fun * > e|ee|let rec x = fun y » e in e
| [1]e::e|match e with [J] e | x::y—e

op € Prim =+ |- | *|<

0000 e« (0UDODDODODOO)ODDOODODOOODODODO
Judgment Form(s):
EFelwv
11 plus 22 is 13
21 minus %o is i3
121 times %9 is 13
21 less than i3 is bg

Derivation Rules:
EFili

EFblb

(E(x) =v)
EFx v

Eter 11 Eles|is i1 plus 42 is i3

g}_€1+€2l}i3

8"61“«7:1 8|—ezlli2 il minus ’i2 is i3

8F61—62Ui3

v

(E-INT)

(E-Boov)

(E-VAR)

(E-PLus)

(E-Minus)



Erei1 1 EFeslia 11 times 19 is 13

8F61*62Ui3

Ertel |1y EF ey U, 19 21 less than i is bs

g|_€1<62~Ub3

EF ey || true Elex v

EF if ey then e else ez | v

EFep | false Erteslv

EFif e; then eg else ez | v

Erer v E,x=viFexlv

EFlet © = e; in ex v

EFfun £ — e | (E)[fun = — e]

EFer | (&) [fun = — eg] EFes | vy Ery,x=votegl v

Erelex v

E,x=(E)[rec x = fun y > el b ez v

EFlet rec x = fun y — e1 in ez | v

EFer | (&) [rec = fun y — el Etes | vy
Exy,x=(E)[rec £ = fun y — egl,y=v2Feg v

Ererex v

e

Sl—elll'vl gl_e2ll'v2

8|—e1::ezllv1::'v2

Ere | [ Eres v

€ Fmatch e; with [] ez | ¢::y—egz v

Erler vy vy E,x=vi,y=vabezlv

€ match e; with [] 2 ez | x::y—ezlv

(i3 = 11 + i2)

11 plus 12 is 13

(E-T1MES)

(E-Lr)

(E-IrT)

(E-IFF)

(E-LET)

(E-Fun)

(E-App)

(E-LETREC)

(E-ApPREC)

(E-N1L)

(E-Cons)

(E-MATCHNIL)

(E-MATCHCONS)

(B-PLus)



(43 =11 — 12)

21 minus %o is i3

(’ig = il * ’Lz)

21 times %o is i3

(b3 = (il < Zz))

21 less than 15 is bg

(B-MInus)

(B-T1MES)

(B-L)



EvalML5

Syntax:

7 € int
b € bool
x,y € Var

veValue:=1i|b| (E)[fun = — el | (E)[rec * = fun y— el | [1]|v::

EcEnvi=e|& x=v

pePat:=x|[0|p::p|_

resc Res:=& | F

ccClauses:=p—e|p—e | c

ecExp:=i|b|x|eope|if e then e else e|let ¢ = e in e
|fun © > e|ee|let rec * = fun y — e in e
| [1]e::e|match e with ¢

op € Prim ==+ |- | *|<

0000 e (00ODOOODOO)ODDOODOODOODODODOD

Judgment Form(s):

p matches v when (&)

p doesn’t match v
Erelwv

21 plus 29 is i3
21 minus %9 is i3
121 times 19 is 13

21 less than 2 is bg

Derivation Rules:

x matches v when (x =)

[] matches [] when ()

p1 matches vy when (&) p2 matches vz when (&2) (E=&E1WE9)

p1 :: p2 matches vy :: vz when (&)

v

(M-VAR)

(M-Nir)

(M-Cons)



_ matches v when ()

[] doesn’t match vy :: Vo

p1 :: pz doesn’t match []

p1 doesn’t match vy

Pp1 :: p2 doesn’t match vy :: v2

P2 doesn’t match wvg

Pp1 :: p2 doesn’t match vy :: v2
Eril1

EFblb

EF ey | true Elesx v

EF if ey then e else ez | v

EFep | false Erteslv

EFif e; then eg else ez | v

Erel |11 Eles iz 21 plus 22 is i3

g}_€1+€2lli3

Erei1 1 EFeslis 11 minus %9 is 13
EF €1 — €2 l} ’l:3
Erel 11 Eresxlig 121 times 2o is 13

8F61*62Ui3

Ele 11 Eles iz i1 less than i is bg

8|—el<62llb3

(E(x) =v)
EFx v

Ete | v E,x=vitex v

EFlet © = e; in ex | v

(M-WILD)

(NM-CoNsNIL)

(NM-NILCONS)

(NM-ConsCoNsL)

(NM-ConsConsR)

(E-INT)

(E-Boovr)

(E-IFT)

(E-IFF)

(E-Prus)

(E-MinNus)

(E-T1MES)

(E-Lt)

(E-VAR)

(E-LET)



(E-Fun)
EFfun x —» e | (E)[fun = — e]

Erer | (E) [fun = — eg] Et el vy Ey,x=v2Feg v

(E-App)
Ererex v
E.x=(E)[ = f —e1]
T rec x un Yy — €1 ex v (B-LETREC)
Ehlet rec © = fun y — e; in ez | v
Erer | (&) [rec = fun y — eg] EFesl v
Ex,x=(EDI[ x = f —egl,y=va b eg v
2 2) [rec un y ol,y=v2keo| (B-APPREC)
Ekleiex v
_— (E-N1L)
EFNV 0
Ete v Ete v
1 v 2 | v2 (E-Cons)

8|—61::62lifv1::'v2

Eleg v p matches v when (&) (E2 =E;&1) E el
€ Fmatch eg with p — e | v’

(E-MATCHM1)

Ereolv  p matches v when (&1) (Ex =E; &) Etel

€ Fmatch eg with p—e | ¢l v’

(E-MATCHM?2)

Eley v p doesn’t match v € Fmatch ey with ¢ v’

(E-MATCHN)
€ Fmatch eg with p—e | cl v
i3 =11 +1
(s = b +42) (B-PLus)
11 plus 22 is i3
i3 =11 — 1
s =t — i) (B-MInus)
21 minus %o is i3
i3 =11 %1
(s =t x 1) (B-T1MES)
21 times %9 is 13
bs = (i1 <1
(bg = (i1 < i2)) (B-1)

21 less than 15 is bg



TypingML4

Syntax:

7 € int

b € bool

x,y € Var

T € Types ::=bool | int | 7 — 7 | T list

F'cEnvi=e | x: T

ecExp:=i|b|x|eope|if e then e else e|let = = e in e
|fun * > e|ee|let rec x = fun y — e in e
|[J]e::e|match e with [] e | x::y—e

op € Prim:=+|-|*|<

00000 e« (JUOOODODOOD)ODODDOOODOOOD

Judgment Form(s):

I'te:r
Derivation Rules:
_— (T-INT)
I'4%:1int
B (T-Boovr)
I'b:bool
I'eq :bool I'tes: T I'kteg: T
(T-Ir)
I'-if e; then eg else eg: T
I'eq:int I'ey:int
(T-Prus)
I'eg +es: int
I'eq:int I'es:int
(T-Minus)
I'ey-e3:int
I'eq:int I'es:int
(T-TIMES)
I'eg xes: int
I'ep:int I'es:int
(T-Lr)

I'ej<es:bool



(N(z) =)
'x: T

I'te1:m 'x:mbFex:m

I'Hlet ¢ = e; in e3: 7o

F'e:.mHe:m

I'-fun ¢ v e:m — T

F|—61571—>’T2 F|—622T1

Fl—elelez

e:m >,y ey : 7 I'x:m > 1Fex: T

I'Hlet rec * = fun y — €7 in ez : T

I'E[]:71list

I'ter: 7 I'teg:T1list

I'tep::ex:71list

I'kep:7 list F'key: T Fx:7,y: 7/ listeg: T

I' Fmatch e; with [] —ex | x:

Yy — €3 T

(T-VAR)

(T-LET)

(T-Fun)

(T-Aprp)

(T-LETREC)

(T-N1L)

(T-Cons)

(T-MATCH)



PolyTypingML4

Syntax:

7 € int

b € bool

x,y € Var

a € TVar

T € Types :=a |t |bool |int | 7 — 7| T list

o € TyScheme ::= 7 | i.T

FceEnvi=e|I'z: 0o

ecExp:=i|b|x|eope|if e then e else e|let ¢ = e in e
|fun * > e|ee|let rec x = fun y — e in e
|[1]e::e|match e with [] e | z::y—e

op € Prim:=+|-|*|<

00000 e« (0OOODODOOD)ODODDUOOODOODOD

Judgment Form(s):

I'te: T
Derivation Rules:
_ (T-INT)
I'4%:1int
(T-BooL)
I'b:bool
I'eq:bool I'tex: T I'keg: T
(T-Ir)
I'-if e; then e else eg: T
I'eq:int I'es:int
(T-Prus)
I'eg +es:int
I'eq:int I'es:int
(T-MInus)
I'Hejs-es:int
I'eq:int I'es:int
(T-TivES)
I'-eq xez: int
I'eq:int I'es:int
(T-Lr)

I'e1<es:bool



T(®)=0) (o0=7)

— (T-VAR)
'x: T
I'ter:m Frx:obez:ms
o=ay ap7 and {ay,...,a, NFTV(T) =10
( 17 0T {o n (') =0) (T-Le)
I'Flet ¢ = e; in e3 : T
Fe:mbFe:m
(T-ABs)
I'fun ¢ v e: 1T — T
'tFey:m1 — T I'key: T
1:7T1 2 2:T1 (T-App)
F|_61622’7'2
Fx:m > 12,y e1:m Ixe.obFesy: T
c=a1 -0pT — T2and {a1,...,a, \NFTV(T) =0
( ! n 2 ton nt (@ ) (T-LETREC)
I'Flet rec * = fun y > e in ez : T
(T-N1L)
I'FI[]:71list
I'He: T I'es:T1list
(T-Cons)
I'Hep::ex:71list
L'le;: 7 list F'key: T x:7/,y: 7/ listeg: T
(T-MATcH)

I'Fmatch e; with [] »e2 | ¢::y—e3:T



EvalContML1

Syntax:
1 € int
b € bool
v € Value::=1i|b
ecExp:=i|b|eope|if e then e else e
op € Prim =+ -|*|<
kcCont:=_|{_ope}>k|{vop_}>k|{if _ then e else e} >k

00000 _ (00000000 » 00000000

Judgment Form(s):
v = k U V2
ex>klwv
11 plus 22 is 13
21 minus %9 is 13
21 times %9 is 13
21 less than 15 is bg

Derivation Rules:

i=k|v
i>klv

b=kl|wv
b>k|wv

e1 > {_opea} >kl v

etopes >kl v

e1 > {if _ then ey else ez} >k | v

if e; then eg else eg >k | v

v=_Jwv

(E-INT)

(E-Boov)

(E-BINOP)

(E-IF)

(C-RET)



e>{viop_} >k | v
vi1={_ope}>k| v

'il plus 'iz is ’i3 i3:>kll'v

io=>{i1+_}>klv

21 minus %9 is i3 ig3=k{|v

i2:>{i1—_}>>k:llv

11 times 1o is i3 ig=k|v

o =>{i1x_} >klv

121 less than i is bg bs=k|v

i2:>{i1<_}>>kil}’v

egs>klv

true = {if _ then ej else e} >k | v

ea>k|wv

false = {if _ then e; else e} >kl v

(i3 = %1 + 12)

il plus iz is i3

(3 =11 — 12)

121 minus %o is i3

(’ig = il * ’Lz)

21 times %o is i3

(b3 = (il < Zz))

21 less than 15 is bg

(C-EvALR)

(C-Prus)

(C-Minus)

(C-TiMES)

(C-Lr)

(C-IrT)

(C-IrF)

(B-PLus)

(B-MInus)

(B-T1IMES)

(B-Lr)



EvalContML4

Syntax:

1 € int
b € bool
x,y € Var
veValue:=¢|b| (E)[fun ¢ — el | (E)[rec = fun y— el | [1|v::v| [k]
EcEnvi=e|& x=v
ecExp:=i|b|x|eope|if e then e else e|let ¢ = e in e
|fun * > e|ee|let rec x = fun y — e in e
|[J|e::e|match e with [1 e | z::y—e
| letcc « in e
op € Prim ==+ |-|*|<
kcCont:=_|{EF _ope} >k|{vop_} >k |{EF if _ then e else e} >k
|{€Flet x = _ine}>k|{E€Ft_e}>k|{v_} >k
|[{€F_::e}>k|{v::_}>k|{€Fmatch _ with [] e | z::y—e} >k

0000 «(0O0O00O0DODOOO)ODOUOODOOOOODODDOOOODDODOOOD _(DObODODOOoOO
>)00000000
Judgment Form(s):
EFex>k v
v1 = k | ve
21 plus 2o is i3
21 minus %9 is 13
121 times i is 13
21 less than 15 is bg

Derivation Rules:

t=klv
— (E-INT)
Eri> kv
b=k|wv
(E-Boov)

EFb>EKk v



EFep>{EFif _ then ey else ez} >k v

(E-IF)
EFif ey then e else e3>k | v
Erter >{€EF_opext >k v
1> { pea} \ (E-BNOP)
Ereiopes >kl v
Ex)=w v1=>k|v
(E(x) = v1) 1 J vz (E-Van)
Erxz> k| v
Eter > {EFlet x = _ ineg} >kl w
1> 4 2} >k § (E-LET)
Ellet x = e1 inexa>k|w
(E)[fun z el =k v
(E-Fun)
ErFfun zx—we>k|wv
EFer>{EF_ext >k v
1> { 2} U (B-App)
Eteires >k v
Ex=(E)[rec x = fun y v elFexs >k v
Y ! 2 1 (E-LETREC)
EFlet rec x = fun y —>e; in ea > kv
O=klv
v (E-N1L)
EFI>k|v
Erer >{EF_:text >k v
1> { 2} \ (B-Cons)
Erer::tea>k|v
Etep>{EFmatch _ with [1 ez | z::y— ez} >kv
(E-MATCH)
€ Fmatch e; with [] v ex | x::y—e3>klv
Ex=[klFe>k|v
(E-LETCC)
Erletcc x inex> k| v
_ (C-RET)
v=_Jwv
EFex>{viop_Y>kl|v
{v10p ) Y v (C-EvALR)
v1=>{EF _ope} >k | vy
121 plus 2o is ig=k|v
1P 2 3 3 I (C-PLUS)

ia= {ir+_t>klv



21 minus %o is ig ig=k|v

i2:>{i1—_}>>kll’v

11 times i is i3 ig=k|v

to=>{i1*x_} >k|v

by =k | v
i = {i1<_t>klv

21 less than 23 is bg

Erei1> kv
_ then e; else e} >k | v

true = {€ F if

Ereas>k|v
false = {€ F if

_ then e; else e} >k | v

Ex=viFe>k| vy

vi=>{EFlet x = _ in e} > k| vq

Erex>{v_}>k|v
v1=>{EF_e}>k|v

E,x=viFe>k| vy

v1={(E)[fun =z — el _} >k | v2

Ex=(E)[rec x = fun y—el,y=v1Fe>k| vy

v1 = {(E)[rec * = fun y — el _} >k | v

v1 = k1 | v
vy = {[k1] _} > ko || v

Erex>{vy::_} >kl v
vi={EF_:ie} >kl v

Uliivzﬁkﬂ’lm

va={vy::_} > k| vs

Erei1> kv

(] ={€Fmatch _ with [1 >e1 | x::y—ex}>kwv

E,x=vi,y=vabexs >kl v

v1::v2 = {EFmatch _ with [1 2e1 | z::y—ex}>klwv

(C-MINUS)

(C-T1MES)

(C-Lr)

(C-IFT)

(C-IrF)

(C-LeTBoDY)

(C-EVALARG)

(C-EvALFUN)

(C-EvaLFUNR)

(C-EvALFUNC)

(C-EvaLConsR)

(C-Cons)

(C-MATCHNIL)

(C-MATCHCONS)



(i3 = ’il + ’iz)

(B-PLus)

%1 plus 22 is i3
lia = &1 — i2) (B-Minus)

21 minus %o is i3
(ia = &1 + i2) (B-T1IMES)

21 times i is 13
(b3 = (41 < i2)) (B-Ln)

121 less than i3 is b3



EvalDContML4

Syntax:

1 € int
b € bool
x,y € Var
veValue:=¢|b| (E)[fun ¢ — el | (E)[rec = fun y— el | [I|v::v| [k]
EcEnvi=e|& x=v
ecExp:=i|b|x|eope|if e then e else e|let ¢ = e in e
|fun * > e|ee|let rec = fun y — e in e | []
|e::e|match e with [1 e | x::y—e
| {e}]|shift = in e

op € Prim:=+|-|*|<
kk € MCont ::= __ | k> kk
kcCont:=_|{EF _ope} >k |{vop_} >k |{EF if _ then e else e} >k

|{€Flet = _ine}>k|{EF_e}>k|{v_}>k|{EF_::e} >k
| {

vi:_}>k|{€Fmatch _ with [] e | x::y—>e} >k
Judgment Form(s):
v1 = k> kk | v
Erex>k>kk|v
%1 plus 22 is i3
21 minus 13 is i3
21 times 19 is i3
21 less than 75 is bs

Derivation Rules:

i=k>>kk|v

(E-INT)
EFi>k>kk|v
b=k>Ekk|v
(E-Boor)
EFb>Ek>kk|v
Ete;>{EF if _ then ey else ez} > k> kk | v (B-11)
-Ir

EF if e; then e else e3> k> kk | v



Eter>{EF _opea} > k> kk | v
ErFeiopes >k>kk | v

(E(x)=v1) v1=>k>kkl v
Erxz>> k> kkl v

Erer>{EFlet ¢ = _ in e} > k> kk | v

Ehlet x = e; inea > k> kk v

(E)lfun ¢ el =k>kk | v

Erfunx—e>k>kk|v

Eter>{EF_eat >k>kklwv
Erterea>k>kk | v

E,x=(&)[recx = funy—eltheas>k>kk | v

Ehlet rec © = fun y —e; in es > k> kk | v

O=k>kkl|wv
EFDN>k>kk|v

Erer>{EFt_itex}>k>kk|v
Eter:tea>k>kkl|wv

Eter>{EFmatch _ with [1 wex | ¢x::y—es}>k>kk|v

Etmatch e; with [J] e | z::y—e3>k>kk|v

Erex>_>> k> kklv
Er{e}>k>kk|v

Ex=[klFe>_>kklwv
EtF shift * ine> k> kk | v

v=>_> _ _|v

1]1:>k>>>kkUU2
v1=_>> k> kk | v

Etex>{viop_} > k> kkl vy
vi={EF_ope} >k> kk | vy

(E-BINOpP)

(E-VAR)

(E-LET)

(E-Fun)

(E-AppP)

(E-LETREC)

(E-N1L)

(E-Cons)

(E-MATCH)

(E-RESET)

(E-SHIFT)

(C-RETRET)

(C-RETCONT)

(C-EVALR)



%1 plus 22 is i3 is=>k>kk|v

. : (C-PLus)
o= {t1+_} >k>kk|v
41 minus 4 is % is3=>k>kk|v
! : 2 : > > v (C-Minus)
io={i1-_} >k>kk|v
121 times ig is 1 ti3=>k>kk|v
! 2 2 2 v (C-T1MES)
o= {t1*x_} >k>kk|v
21 less than i3 is bg bs=k>kk|v
; ; (C-Lr)
o= {t1<_}>k>kk|v
Eres>k>kk | v
! v (C-IFT)
true = {EF if _ then ey else ex} > k> kk | v
Etes>k>kkl|v
2 v (C-IFF)

false = {EF if _ then ey else ex} > k> kk | v

E,x=vite>k> kkl| vs
vi={EFlet x = _ in e} > k> kk | vy

(C-LETBODY)

Erex>{vi_}>k>kk|v
nn={EF_e}>k>kk|v

(C-EVALARG)

E,x=viFe>k> kk | vy

(C-EvALFUN)
v1 = {(E)[fun x — €] _} > k> kk | v

E,x=(E)[rec x = fun y—el,y=vite>k> kk | v

(C-EvaLFUNR)
v1 = {(E)[rec = = fun y — el _} > k> kk || v

v1 = k1 >> ko > kk || ve
v1 = {[k1] _} > ko >> kk || vo

(C-EvALFUNC)

ErFex>{vi::_}>k>kk| v
vi={EF_::e}>k>kk| v

(C-EvaLCoNSR)

vy 11 v2 =k > kk | vs
vo={v1::_} > k> kk| vs

(C-Cons)

Eter>k>kk v

(C-MATCHNIL)
[]={EFmatch _ with [] e | x::y—>e2x} >k>kk|v



Ex=vi,y=vaex>k>kk|v
v1 ::v2 = {EFmatch _ with [] 2 e; | z::y—ex} >k>kk|v

(C-MATcHCONS)

(i3 =11 + 12)

(B-Prus)

11 plus ig is i3
Us =1~ z) (B-Minus)

121 minus %o is 13
s =1 v32) (B-TIMES)

121 times 29 is 13
(bs = (i1 < i2)) (B-Ln)

21 less than 13 is bg



EvalRefML3

Syntax:

7 € int
b € bool
x,y € Var
l € Loc
veValue =4 |b|l| (E)[fun = — el | () [rec x = fun y — €]
EcEnvi=e|& x=v
S € Store:=e | S, l=v
ecExp:=i|b|xz|eope|if e then e else e|let ¢ = e in e
|fun * > e|ee|let rec x = fun y — e in e
|ref e|le|e := e
op € Prim:=+|-|*|<
00000000 «(000OO0DOOOUOODO)000ODODOOO0DODOODODOODOOOOOOOOOOO
0000000000000 000/00000000000E-AssicNOOO000OO Sl=v]00
SOpoo00l=...0l=v0000000000COO00O0OOO0OO0OOODODOODOOOOOO

(S,l=v)[l=2"] = S,l=v
(S,l=v)[l' =2"] = (S =7)),l=v (ifl£1)
Judgment Form(s):
S1/ EFelv / Ss
i1 plus 22 is 13
11 minus <2 is i3
11 times ig is i3
21 less than i3 is bg

Derivation Rules:

(E-INT)

S/ ErFili/ S
(E-Boovr)

S/ EFbL/ S
Si/EFerltrue / Sy Sy / EFexllv/ S (E-IrT)

S1 / EFif e then ey else €3l}’l) / S3



S1/ Er e || false / So Sy / EFeg v / S3

E-IrF
S1 / EFif e; then es else eg3 v / S3 ( )
51/5F61Ui1/52 Sz/g|_€2l}’i2/53 'il plus’iz is ’i3
(E-Prus)
Sl / 5"61'*82@’123 / S3
S1/ EFerdin / Se Sy / EFexlia / Ss 21 minus %9 is i3
(E-MiINus)
S1/ EFer-exlliz / S3
S1/7 EFer i1 / Ss Sy / EFex iz / S3 11 times 1o is i3
(E-T1MES)
Sl / 8"61*62Ui3 / 52
Sl/gl_eliﬁ’il/Sz Sz/gl—ezl}iz/Sg ’121 less than 2o is b3 (EL)
-Lr
S1/ EFer1<exllbs / S3
() =v) (E-VAR)
S/ EFxlv/ S
S1/ EFer v /S Se / E,x=vitexllv / S (B-Let)
-LET
Sl / EFlet x = e; in ezll'v / S3
E-Fun
S/ EFfun x —>el (E)[fun x —e€] / S ( )
S1/ EFer | (&) [fun « — el / S2 Sy / EFex v / Ss
S3 / E,x=valeglv / Sy (E-App)
-App
Sl / 8|—elezll'v / S4
S1/ Ex=(&)I[ = f — el / S
1 x rec x un Yy — ey ex v ) (B-LETREC)
S1/ EFlet rec ¢ = fun y —e1 in ex v / So
S1/ EFer ) (E)[rec ¢ = fun y — eg] / S2 Sy / EFex v / S3
Ss / E,x=(E)[rec © = fun y > egl,y=v2Feg v / Sy
Sl / Sl—elegilv / 54
(E-ApPREC)
S1/ EFellv / Sy (I ¢ dom(S2)) (E-Rer)
-REF
S1/ EFref el / Sq,l=v
S1/ EF 1/ S Ss(l) =
ebl/ % (S2(t) = v) E-DEREF
1

Sl/Sl—!er/SZ



S1/ EFer |l / Ss Sy / EFex v / S3

(S4= S3[l =])

Sl / 5"61 = 82~U/’U / S4

(i3 = 11 + i2)

11 plus ig is 13

(i3 =11 — 12)

121 minus %o is 13

(’i3 = ’il * 7.2)

121 times 29 is 13

(b3 = (’Ll < 7,2))

21 less than i is bg

(E-ASSIGN)

(B-PLus)

(B-Minus)

(B-T1MES)

(B-Lt)



While

Syntax:

7 € int

bv € bool

x,y € Var

o €Store::=e |0, x=1%

ac AExp:=i|xz|aaopa

aop € Prim =+ | - | %

bec BExp:=bv|'b|blopb|acompa

lop e LOp :=&& | ||

comp € Comp =< |=|<=

c € Com ::=skip |x:=a | c;c | if b then ¢ else c|while (b) do ¢

Judgment Form(s):
okalt
otbl bv
c changes o1 to o3

Derivation Rules:

—_— (A-ConsT)
obil1
o(x)=1
(o(z) =1) (A-VaR)
olFxl|1
oka 1 ota 1 13 =11 +1
11 2 12 (i3 =11 + i2) (A-PLUS)
okFay+tasz | is
oklai okas | 23 =11 — 1
1 2 22 (i3 =11 — 12) (A-MNUS)
Ul—al-azll’ig
otba 7 oba 7 13 = 11 % ¢
121 2 12 (i3 =11 * 12) (A-Trus)
Ul—al*azl}’i3
(B-Consr)

ot bv || bv



otbl| bvp (bvg = —bvy)

B-Not
ok 'bl buy ( )
okb; || bvy ot bs | bus (b'v3 = (b'v1 AN b’l)z)) (B A )
-AND
O'I_bl&&bzl}b’l)3
ot by | bvy ot by | buvs (bv3 = (bvl V bvz)) (B 0 )
-OR
obbi |l b bus
al—alllil Ul—azui2 (b'v:(z'1<i2)) (BL)
-LT
otFaj<aszl bv
o'l—alilil O'I_agl}iz (b’U:(llz’Lg)) (BE)
-BQ
ol ai=az | bv
al—alllz'l O'l—azll’iz (b’v,?,:(’l:lﬁ’iz)) (BL)
-LE
otk al <=as lL bv
(C-SK1p)
skip changes o to o
orFal o2 =01t/x
! ¢ (o2 1l6/]) (C-ASSIGN)
x:=a changes o1 to o3
c1 changes o031 to o2 cy changes o3 to o3 (C S )
-SEQ
c1;C2 changes o1 to o3
o1 bl true c1 changes o1 to o2 (C_IFT)
-1F
if b then c; else ca changes o1 to o2
o1 bl false ca changes o1 to o2 (C_IFF)
-1F
if b then c; else ca changes o1 to o2
o1 bl true c changes o1 to o3 while (b) do c changes o2 to o3
while (b) do ¢ changes o1 to o3
(C-WHILET)
ot bl false
(C-WHILEF)

while (b) do c changes o to o



