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assert 000 (OO)

Theorem plus_rearrange : forall n m p q : nat,
(n+m +(p+qg =@m@+n + (p+qg).
Proof.
intros nm p q.
assert (H: n + m = m + n).
n 0 nmO00000O =*)
Case "Proof of assertion".
rewrite -> plus_comm. reflexivity.
rewrite -> H. reflexivity. Qed.
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Inductive natoption : Type :=
| Some : nat -> natoption
| None : natoption.

natoption U U [J:
@ None

@ Some 5

@ Some 42

Q :
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U000 n0DO00O0O0O00DODOO index
enUUOOOOOOOODOOOOOO

Fixpoint index_bad (n:nat) (l:natlist) : nat :=
match 1 with
| nil => 42 (% arbitrary! *)
| a :: 1” => match beq_nat n 0 with
| true => a
| false => index_bad (pred n) 1’
end

end.
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o UUUUUUDLOUNOO Some
e UUUOUUDOUUDOUOUUOUDOOO None

Fixpoint index (n:nat) (1l:natlist)

. natoption :=

match 1 with

| nil => None

| a :: 1’ => match beq_nat n 0 with
| true => Some a
| false => index (pred n) 1’
end

end.

000 O (0000) 00000 (00 4) November 6, 2012 8 / 51



(I : if-then—else

| a :: 1”7 => if beq_nat n 0 then Some a

else index (pred n) 1’

ebool IO OOOUIODODOODOOONO
inductive type D O OO OO DOO!
» U0 OO0 then[
» 0O OO0 elsell
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Inductive boollist : Type :=
| bool_nil : boollist
| bool _cons : bool -> boollist -> boollist.

UO0Oboollist U UOUOLODODODOOO...
e UUUnatlist DO OOODODDOOOODODOIN7?
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Coq < Inductive list (X:Type) : Type :=
Coq < | nil : list X
Coq < | cons : X -> list X -> list X.

o JUULLDLDLUOOLOLDDUO X
o list X: XU UDDLUOOOLOOO

» list nat U nat U O OOOOOOO
» 1ist bool 0 bool U UOOOODOOOO

o list" U UIDDODDODDODOOOOOO!
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Coq < Check nil nat.
ntl nat
list nat

Coq < Check cons nat 1 (nil nat).
cons nat 1 (nil mnat)
list nat

Coq < Check cons bool true (cons bool false (nil bool)).
cons bool true (cons bool false (nil bool))
list bool

nat, bool UL O OOOOONO
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Coq < Check cons nat.
cons nat
> nat => list nat -> list nat

Coq < Check cons bool.
cons bool
: bool -> l2st bool -> list bool

OUOUOcons UUOUOOUOOOO
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Coq < Check cons.
cons
: forall X : Type, X -> list X -> list X

cons U OO0 XOOOO
X -> 1list X -> list X

O0000(@Eoo)oooooogoooo
e 000 (polymorphic)..0 000000
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list XUOOOOOODODOOooooooooooao
goooobooogd

Inductive list (X:Type) : Type :=
| nil : list X
| cons : X -> 1list X -> list X.
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Fixpoint length (X:Type) (1l:1list X) : nat :=
match 1 with

| nil => 0
| cons h t => S (length X t)
end.

o JDDODDOOUIUUUUUUULUULUUOOO
o I XUUOUODDDDOOODODODDODO1IDLOO
@ length TU list TUUOOUOOODOOODOO
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Example test_lengthl
length nat
(cons nat 1 (cons nat 2 (nil nat))) = 2.
Proof. reflexivity. Qed.

Example test_length2 :

length bool (cons bool true (nil bool)) = 1.
Proof. reflexivity. Qed.
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Coq < Check length nat.
length nat
list nat -> nat

Coq < Check length bool.
length bool
list bool -> nat

Coq < Check length.
length
: forall X : Type, list X -> nat
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Fixpoint app (X : Type) (11 12 : 1list X)
(list X) :=
match 11 with
| nil => 12
| cons ht =>cons Xh (app X t 12)
end.

e 100000000 O00000O0000O(CO0
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Coq < Fixpoint app’ X 11 12 :=

Coq < match 11 with

Coq < | nil => 12

Cog < | cons ht =>cons Xh (app’ X t 12)
Coq < end.

0000 app 00 00!

Coq < Check app’.

app’
: forall X : Type, list X -> list X -> list X
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Fixpoint length (X:Type) (1l:list X) : nat :=
match 1 with

| nil => 0
| cons h t => S (length X t)
end.

Check cons nat 1 (nil nat).

o lJUDDOOUDDOUODDOOO!
o CogOUODODOO!
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Fixpoint length (X:Type) (1:1list X) : nat :=
match 1 with

| nil => 0
| cons h t => S (length _ t)
end.

Check cons _ 2 (cons _ 1 (nil .)).

e _(00ODODOD)..0O00ODODOOODODODO
gooad
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Fixpoint length
match 1 with
| nil =>
| cons h t =>
end.

O

Fixpoint length
match 1 with
| nil =>
| cons h t =>
end.

goooon

000 O (0000)

X1 :=

0
S (length X t)

(X:_) (1:0)

0
S (length X t)
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Implicit Arguments nil [[X]].
Implicit Arguments cons [[X]].
Implicit Arguments length [[X]].

Definition 1ist123’’ :=
cons 1 (cons 2 (cons 3 nil)).
Check (length 1ist123’77).

e JO00DDUIUDXDO(ODD)ODOUOUODODODOO
HEN

e nil J nil _0U0O0OOON
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Fixpoint length’’ {X:Type} (1:list X) : nat :=
match 1 with

| nil => 0
| cons h t => S (length’’ t)
end.

o JUULDLDOOUOOOLODLDLOUOOOO

o UUUUD Implicit Arguments UU U OOOON
Ooooooo

» U0 D0o0bobobooobooood

000 O (0000) 00000 (00 4) November 6, 2012 27 / 51



bbb gdn

Definition mynil := nil. (x nil _ OOO! %)

o JUUULUDODLUOOOLLOLDbUOOUOLODOO
HRERN

—> 000
» 0O0oooggag
Definition mynil : list nat := nil.
» Joooooooobbobobb e
Definition mynil’ := @nil nat.
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Notation "x :: y" := (cons x y)

(at level 60, right associativity).
Notation "[ 1" := nil.
Notation "[ x , .. , y 1" :=

(cons x .. (cons y [1) ..).
Notation "x ++ y" := (app x y)

(at level 60, right associativity).

Definition 1list123’’’ := [1, 2, 3].
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Theorem nil_app_nat :
forall 1:1ist nat, [] ++ 1 = 1.
Proof. intros 1. reflexivity. Qed.

Theorem nil_app_bool :
forall 1l:1ist bool, [] ++ 1 = 1.
Proof. intros 1. reflexivity. Qed.
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Theorem nil_app :
forall X:Type, forall 1:1list X,

[J ++ 1 =1.
Proof.
intros X 1. reflexivity.

Qed.

o UUUUOLOUOUODLUOLDLUOULDDUOD intros [
oo xgogoo

o JUULULUDDUOOULOLDLUOOOLDLDLOUO
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Inductive prod (X Y : Type) : Type :=
pair : X -=> Y -> prod X Y.

Implicit Arguments pair [[X] [Y]].
Notation "( x , y )" := (pair x y).
Notation "X * Y" := (prod X Y) : type_scope.

e IODDODOOODX*xY(ODDODOOODODO!Y)
o (,)Ox0O000OODO
» (1, true) : nat * bool
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Definition fst {X Y : Type} (p : X * Y) : X :
match p with (x,y) => x end.
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Inductive option (X:Type) : Type :=
| Some : X -> option X
| None : option X.

Implicit Arguments Some [[X]].
Implicit Arguments None [[X]].
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(1 [0 index [ [

Fixpoint index {X : Type} (n : nat)
(1 : list X) : option X :=
match 1 with
| [] => None
| a :: 17 => if beq_nat n 0 then Some a
else index (pred n) 1’
end.

Example test_indexl

index 0 [4,5,6,7] = Some 4.
Example test_index3 : index 2 [true] = None.
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e CoqOUIIDODDODODODODO (Scheme, OCaml, Haskell,
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Definition doit3times_nat (f:nat->nat)
(n:nat) : nat :=
f (f (f n)).

Example test_doit3times_nat:

doit3times_nat minustwo 9 = 3.
Proof. reflexivity. Qed.
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nat U OO0 0O0O0O0OO0OOOOO0O0O0O0O0O0O0OO0
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Definition doit3times {X:Type}
(f:X->X) (n:X) : X :=
f (£ (f n)).

Example test_doit3times’:

doit3times negb true = false.
Proof. reflexivity. Qed.
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0000000 nat -> nat -> nat 0000000

nat -> (nat -> nat)

e >0 (0000 *0000)00000000 (O
00)

enat 100000000 nat -> nat 00 (~001)
00000
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Definition plus3 := plus 3.
Check plus3.

Example test_plus3 : plus3 4 = 7.
(x plus 3 4 0 (plus 3) 4 OO
O0O00000OoDoogo =)

Example test_plus3’: doit3times plus3 0 = 9.
Example test_plus3’’
doit3times (plus 3) 0 = 9.
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00000000 (1): filter
OO0 100 test OO0

Fixpoint filter {X:Type}
(test: X->bool) (1l:1list X) : (list X) :=
match 1 with

| (] => []
| h :: t =>
if test h then h :: (filter test t)
else filter test t
end.

Example test_filterl:
filter evenb [1,2,3,4] = [2,4].
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Scheme OO0 OO lambda O OO
@ Scheme: (lambda (x) )

e Coq: fun x => [J

000
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e IO (0D)DDODO “onthefly’ ODOOOODODO
gooon

Example test_filter2’:
filter (fun 1 => beq_nat (length 1) 1)
({1, 21, (31, [4], [5,6,7], [1, [8] ]
= [ [3], [4], [8] 1.
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Coq < Check (fun x y => x + y + 1).
fun zy : nat =>x +y + 1

: nat -> nat -> nat
Coq < Check (fun (x y : nat) => x +y + 1).
fun zy : nat => x +y + 1

: nat -> nat -> nat
Coq < Check (fun (b : bool) (x : nat) =>
Coq < if b then x else x + 1).

fun (b : bool) (z : mnat) => 4if b then z else = + 1
> bool -> nat -> nat
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00000000 (2): map

Oo00 1= [x1, L,oxn]l OJODOOO0ODO £000

boooooooood £ x1, ..., £xnl000
Fixpoint map {X Y:Type} (£f:X->Y) (1:1list X)
(list Y) :=
match 1 with
| [ => []

| h :: t =>(f h) :: (map £ t)
end.
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Example test_mapl:
map (plus 3) [2,0,2] = [5,3,5].

Example test_map2:
map oddb [2,1,2,5] = [false,true,false,true].

o U fOUHOLOUOOLLOOLODOODLOOO
» 0000 X, yoood
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00000000 (3): fold

Fixpoint fold {X Y:Type}
(f: X->Y->Y) (1:1list X) (b:Y) : Y :=
match 1 with
| nil => b
| h :: t = f h (fold £ t b)
end.

econs ] fUOUDOON

» | cons ht=>fh (fold f t b)) OOOOO
Oo0o0o0o0o0oooono
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Example fold_exampleO :
fold plus (1 :: 2 :: 3 :: 4 :: nil) O
=1+ @+ @+ &+ 0)).

Example fold_examplel

fold mult [1,2,3,4] 1 = 24.
Example fold_example2 :

fold andb [true,true,false,true] true = false
Example fold_exampled :

fold app [[1],[1,[2,3],[4]1]1 [1 = [1,2,3,4].
(x [1] ++ [1 ++ [2,3] ++ [4] ++ [1 %)
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@ Exercise: split (2), hd_opt_poly (1),
filter_even_gt7 (2), partition (3), flat_map (2)
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