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oy e

Coq T, @D (7OVZLERAULLK)IED—E.
“Prop” Bl ZHFD.

Coq < Check (3=3).
3 =3
: Prop
Coq < Check (forall nm :nat, n +m =m + n).
forall nm : nat, n + m=m + n
: Prop
Coq < Check (forall (n:nat) (b:bool), n = b).
Toplevel input, characters 36-37:
> Check (forall (n:nat) (b:bool), n = b).
S -

Error:
In environment
n : nat
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mEAZERY B

Definition plus_fact : Prop := 2 + 2 = 4.

Theorem plus_fact_is_true : plus_fact.
Proof. reflexivity. Qed.
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INTG A —=F I NT-E

Coq < Definition is_three (n : nat) : Prop :=
n = 3.
1s_three is defined

Coq < Check is_three.
1Ss_three

: nat -> Prop
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Definition injective {A B} (f : A -> B) :=
forall xy : A, fx=fy ->x=y.

Lemma succ_inj : injective S.
Proof.

intros n m H. inversion H. reflexivity.
Qed.
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Logic.v

o fiiE

o MIEMEH
- BEE(hD])
- EE( TF7F])
s B FBERE( T~TARW])
- B
~ SWIERIEME (if and only if)
- FIREL( [HBxDEELT~])
o MABEF-/T7OY T A
o EEDZIHADEH
o Coqvs. £5
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% & (conjunction)
A/\B - TAND B

e A/\ B ZilEBHT 5 74®ICIE A & B ZZNhENhik
B9 %

@ split ¥ 774w

Example and_example : 3 + 4 =7 /\ 2 x 2 = 4.

Proof.

split.
- (x 3+ 4 =7 %) reflexivity.
- (x 2+ 2 =4 %) reflexivity.

Qed.
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EEDEA
Lemma and_intro : forall A B : Prop,
A ->B ->A /\ B.
Proof.
intros A B HA HB. split.
- apply HA.
- apply HB.
Qed.

o MEEDMREA BIIDOWT X (BZ5LK)MH
» BIRIFHRTEEZINR?
@ split & apply and_intro (&[E U.
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EE N SAALD

REICHS A /\ B & destruct TA & B ICOfET
X 3.

Lemma and_example2 : forall n m: nat,
n=0/\m=0->n+m=0.

Proof.
intros n m H.
destruct H as [Hn Hm].
rewrite Hn. rewrite Hm.
reflexivity.

Qed.
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EE DIRE

Lemma projl : forall P Q : Prop,
P/\Q —->P.

Proof.
intros P Q H. destruct H as [HP HQ].
apply HP. Qed.

Lemma proj2 : forall P Q : Prop,
P/\NQ—>Q.

Proof.
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Logic.v

o fiiE

o MIEMEH
» BE( [HD1)
» EE( TF7F])
s B FBERE( T~TARW])
- B
~ SWIERIEME (if and only if)
- JMEL( [HBxDFEELT~])
o MBAMS>TOTT A
o EEDZIHADEH
o Coq vs. EE M
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¥ 5 (disjunction)

A\/ B - TAZF7-lEB]
[F7213] DEAIET D ICIE destruct THERD T
=9 5:

Lemma or_example : forall n m: nat,
n=0\/m=0->nx*m-=0.
Proof.
intros n m H. destruct H as [Hn | Hm].
- (% Here, n = 0 %)
rewrite Hn. reflexivity.
- (x Here, m = 0 *)
rewrite Hm. rewrite <- mult_n_0.
reflexivity.
Qed.
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EEDEAN
Y9074y left & right

Lemma or_intro :

forall A B : Prop, A -> A \/ B.
Proof.

intros A B HA. left. apply HA. Qed.

Lemma zero_or_succ :

forall n : nat, n = 0 \/ n = S (pred n).
Proof.

intros [In].

- left. reflexivity.

- right. reflexivity.
Qed.
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TRl

WmIEES

» BE( [5D1)
» EE(TF71F1)

s B - FBREBE( [~T2W] )
* TES (ZEL<ARW)

> At

g Eﬁﬂﬂ"]ﬁﬁ'ﬁ (if and only if)

- R EL ( THBxDEFEELT~])
o MBAM>ALTOTS A
o TEHDE|FADiEHA
o Coqvs. £5R
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BEEFE
[P TidRW] (=P, ~ P)DES

Definition not (P:Prop) := P -> False.
(x False: [FE] MAl ZRITRIRDWE *)
(x [P TREAW] =P ZRETDEFET S *)

(* not : Prop -> Prop
A Z X T > Tz IRIEAH *)

Notation "~ x" := (not x) : type_scope.
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JEFER
FEDSHATE VN B:

Theorem ex_falso_quodlibet : forall (P:Prop),
False —> P.

Proof.
intros P contra.
inversion contra. Qed.

o IREICO =12EIHoIFERL
@ TF* A MNTIX destruct contra. & L TWBEME
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& DEEHA (1)
BEDIRI (False 2B 2 &0 T)A»LaYy
WMBEEIED.

Theorem not_False : ~ False.

Proof.
unfold not. intros H. inversion H. Qed.

Theorem contradiction_implies_anything :
forall P Q : Prop, (P /\ "P) -> Q.
Proof.
intros P Q H. destruct H as [HP HNP].

unfold not in HNP.
apply HNP in HP. inversion HP. Qed.
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A EDELERA (2)

Theorem double_neg : forall P : Prop,
P -> 7P,

Proof.
intros P H. unfold not.
intros G. apply G. apply H. Qed.
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TF=
x<>ylEa(x=y)DIZ&:

Notation "x <> y" := (7 (x = y)) : type_scope.

Theorem zero_not_one : 0 <> 1.

(* expands to (0 = 1) -> False *)
Proof.

intros contra. inversion contra.
Qed.
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Logic.v

@ fPiEd

o MMIBKEAF

» BE( [HD1)

» EE(MF7k1F])
s s FEEBRE( [~TRWL])
- B
~ SWIERIEME (if and only if)

- BMElL ( [H2xDEFEELT~] )
o MBAM>ALTOYVS L
o EIEDE|IHADEA

o Coqvs. £55m
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B

T~

o E (BB E) 2K Y hrE: True
o NE T : True

Lemma True_is_true : True.
Proof. apply I. Qed. J

[MEVERIZITIN ] >HETTTCIET.
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Logic.v

@ fPiEd

o MBS F
» BE( [HD1)
» BE( TFRE])

» B FBESE( [~TRW])
=1

>

=~

~ SWIERIEME (if and only if)
- BMElL ( [H2xDEFEELT~] )
o MMEAEMFSALTOVI A

o EEDF|IHADEA
e Coqvs. E&5m
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(FRIERY) BB
[EE (if and only if) I, WMAMADEEDEES:

Definition iff (P Q : Prop) :=
P ->Q /\ @Q-—>P).
Notation "P <-> Q" := (iff P Q)

(at level 95, no associativity) : type_scope.
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FMEMEICRAT 2148

Theorem iff_sym : forall P Q : Prop,
(P <> Q) —> (Q <—> P).
Proof.
intros P Q [HAB HBA].
split.
- (x => %) apply HBA.
- (x <= %) apply HAB. Qed.
Qed.
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frEETD FLX] &ELTOiff

WL DHDDY VT 14 U (reflexivity, rewrite) Tl
iff 2 = EALCELDICH/RIZENTES
EEFLRW (4T3 )oO—R):

Require Import Coq.Setoids.Setoid. J
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Lemma mult_O : forall n m,
n*xm=0<->n=0\/m=0.

Lemma or_assoc : forall P Q R : Prop,

P\ (Q\/ R <> (P \/ Q \/R.

Lemma mult_0_3 : forall n m p,

n*xm*xp=0<>n=0\/m=0

Proof.
intros n m p.
rewrite mult_0. rewrite mult_O.
rewrite or_assoc.
reflexivity.
Qed.

\/ p =

0.
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> EI:I( b\jj )
» BE (TEXE])
s B - FREBE( [~TRW])
» SWIERIEME (if and only if)
- JFIREL( THBXDFEELT~])
o MREEF-/ATOVT A

o EEDF|IHADEA
e Coqvs. £E55m
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FMEL
Ix : X.P T8 X OEHK x B LT P

Lemma four_is_even:

exists n : nat, 4 = n + n.
Proof.

exists 2. reflexivity.
Qed.

o [TFIEDIIM] (witness) ZIEE T % exists
o BIEME, IGEHL] N’ HEZW/T I & ZAAT S
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FIREED DD

XARICHFIREIL D H 5L destruct Z{F D
o (EFIEbMSAW) IFREDER] &
o TNAMEZ®LY, EWLWIRE
NEbhs
Theorem exists_example_2 : forall n,
(exists m, n = 4 + m) —->
(exists o, n = 2 + 0).
Proof.
intros n H.
destruct H as [m Hm].
(* witness I intro /N9 —V THREIZ DTS *)
exists (2 + m). apply Hm. Qed.

v
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Logic.v

fnRE

mIEfE S

fEEFE- 7O T A
EIEDF| A DEA

Coq vs. &R
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fnRa 7 IR 9 B IFIEEEX
(x IFUYURANIDERTHD] CE%=KRITMHE

Fixpoint In {A : Type}
(x : A) (1 : list A) : Prop :=
match 1 with

| [ => False
| x> :: 17 => x> =x\/ Inx 1’
end.

o x IFE—EBEREFLLV, Fkid,
o x IFEBE-EREIE L, Fik--
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Example In_example_1 : In 4 [1; 2; 3; 4; 5].
Proof.
simpl. right. right. right. left.
reflexivity.
Qed.
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Example In_example_2 :
forall n, In n [2; 4] —>
exists n’, n =2 *x n’.
Proof.
simpl.
intros n H. destruct H as [H1 | [H2 | []]].
- exists 1. rewrite <- H1l. reflexivity.
- exists 2. rewrite <- H2. reflexivity.
Qed.

o XA DMLT7 intro /X9 —>
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Logic.v

AE
AR 28

mIEfE S

PEEF-> A TOT T A
EIEDB| A DEA

Coq vs. &R
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EFEAEE— ATV b
Check OV Y~ RDEE)

Coq < Check 1.
1
: nat
Coq < Check plus_comm.
plus_comm
: forall mm : nat, n +m=m+ n

o ALYV K?
o EEDXMEMNHIENEMHODETHEZHNDLD ?
o ElE--
» plus_comm |& [EERRA 7 U b EWDT—%
(2E:1)
» SEFAA 72z NDOBII MR
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B — api@gl?

BETFr—9DEVWAEZRET S
@ nat ->nat -> nat

» 3™f=D®D nat Z5|WELTHA S &, nat HMEH
n3

o VX : Type, X > X
» BT Z8|ELTEZASE, T->TBHOBHED
ToNn3
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Rz L) V)BT <HED

en=m->n+n=m-+m
» n=m®DiFBRE5 25 E, n4+n=m+ m D
BANEONBI?
eVn:nat,2«*xn=n-+n
- BAM a %2525 & 2xa=a+a OiAIEDS
ns1?

Coq < Check (plus_comm 3).
plus_comm 3
: forall m : nat, 3+ m=m+ 3
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B LEDOR A A > 725EER AN = =T

Lemma plus_comm3_take3d :

forallnmp, n+ (m+p) = (p +m) + n.
Proof.

intros n m p.

rewrite plus_comm.

rewrite (plus_comm m).

reflexivity.
Qed.

assert 2fFYLXYILAVYIMTLL?
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Logic.v

o fnRE

mIBFE S

tmEAE- 7OV S A
EE D5~ DEH

Coq vs. £HA

- BAEDHIEME

- fRRR & BiAE

» HELERIE vs. FERKBYERIE
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%A = HE?

o x NEA X DERTHS
> 2 IXBBOEEDERTH S
o x HE X %%7-T (BB X(x) BHIIT )

Definition ev (n:nat) : Prop :=
evenb n = true.

Check (ev 2).
ev 2 : Prop (x 2 IXEBETHD *)

Coq DIMIBEESRMIIUTWVWEINEELEVEDH S
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FEHDFL S

B COEAHBDEFL S DERE

fg: X = Y BELW LD vx e X, f(x) = g(x)

o AHANDARKITH%
o A DA IEME (extensionalitiy) [RIE& H L.

Coq CORBDHFELIDESE J

f,g:X—>Y7‘J“%LL\<d—Lf>f<—>g

o BMICLBEFELX
o # ALt
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Example function_equality_ex2

(fun x => x + 1) = (fun x => 1 + x).

Proof.
(* Stuck *)
Abort.
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SIEHEDARIEDIEN
Axiom 3<% N (GEERZR L TEA 2 dpEDIENN)
Axiom functional_extensionality :

forall {X Y: Type} {f g : X —> Y},
(forall (x:X), f x=gx) > f =g.

Example function_equality_ex2 :
(fun x => x + 1) = (fun x => 1 + x).
Proof.

apply functional_extensionality. intros x.
apply plus_comm.
Qed.
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REBOEMITDONT

o A THEMNATEEML TLEULHIFTIEARW

o KRN FE (AITHAATES LD ICAD) BN

o FELAWI EATRTDITKRE

o BHMOAEMLIEIFEMLTEFE LAV &EAH
S5nTWw?

o Print Assumptions EMH. T, EEBAICE R
EAHLHNS

EHEEHRE (2D 6) November 21, 2017 45 / 59



Logic.v

AH
GTepE|

mIEkE S
hBEEF- - TOTS L
EEDBIEADEMA

Coq vs. &

» FAELD S M

- il & BiAfE

- HTELERIE vs. HERHIERIE

EHEEHRE (2D 6)



iR & EaE

ME &SRR 2 A DD E: BEAE (bool) & M

(Prop)
Bl1: nl3BHTHS

@ evenb n b true R
o % k "EF1EL T, double k =n
ZDBE, M=DDEWAITZEM

Theorem even_bool_prop : forall n,
evenb n = true <-> exists k, n = double k. J

BE1A1E evenb n 338 exists k,n = double k %
R (reflect) L/'Cb\é EWD
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Bl2: BAE n & miFFELWL
e beq_nat n m " true %R
en=m

Theorem beq_nat_true_iff : forall nl n2 : nat,
beq_nat nl n2 = true <-> nl = n2. J
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finl vs EIA1E

o [beq_nat n m = true =RY ] TN
(7T, EERRDIZICH T Y Fo o/
o — A, ln=m] THBZENPDLDBE revrite T
FEHIZENTES
o MICERE (n=m)d7T 075 LmRFIZIE if DFRM
W) THEARW
» B bNTBOERZHIET 5 —kHNAAE
(ZILTY XL) RN & & Ef%R
o STETCHIETEBMETYEH Prop Tidib L7z AN
BRGBEEEWV
» BBl 32 s NERIRIR RIS Y FT 5 (M E
2 HY)
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Proof by reflection

SEE, TNERMT ZEBEEKICBIRAT,
(2 &> THHT 5.
&S0 (?)5E8

Example even_1000 : exists k, 1000 = double k.
Proof. exists 500. (x &3 k ZRDIF 5 *)
reflexivity. Qed.

reflection IC & % EERA

Example even_1000 : exists k, 1000 = double k.
Proof. apply even_bool_prop. reflexivity. Qedj

— &I reflection IC & BEEBADAA, H7Y BEfliC
3.
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Logic.v

AH
AR 28

mIEkE S
BEAEF- 7O S A
EEDBIEADEMA

Coq vs. &

-~ FAE DA IE M

- i & BB

» THEERIE vs. HABIERIE

EHEEHRE (2D 6)



Hip 2
[EABRBBETETOEENTED E S MBI
T3]

Definition excluded_middle :=
forall P : Prop, P \/ ™ P. J

I& Coq TILEERAT E 7L
o FFBRY BIIIFICIIDE, BE - BEE L L ZARY
%M left, right TEEQIFTNITUMFARL
o MNELLEMAIELIVWMNE P ICIKET HDT—H
KX H 7L
» b, BAONIHECERZHET 5 — K
BRAEE(FZILTY XL)HRWT & EFE%k
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BRE & 7 e (1)
E/A{ET reflect TEX 2558

Theorem restricted_excluded_middle :
forall P b,
(P <> b = true) -> P \/ ~ P.
Proof.
intros P b H. destruct b.
- left. rewrite H. reflexivity.
- right. rewrite H.
intros contra. inversion contra.
Qed.
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BRE X 7 e (2)
ZSICDWTOHERE:

Theorem restricted_excluded_middle_eq :
forall (nm : nat), n = m \/ n <> m.
Proof.
intros n m.
apply
(restricted_excluded_middle (n = m)
(beq_nat n m))|.

symmetry.
apply beq_nat_true_iff.
Qed.
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tE R HYEREE (constructive logic)

HEREL VST - W T,

o FE(3x, P x) DFEEAN T X b, (A P 27
DH ] ZFEEARICEDITHT I ENTE 3.
» FEEERAIE TP Zim/cd b ] %12 (BT %)

WEIDH D

o WIZ, W DA DAL HEEE (BEIC K > TEAFRA

BE) I B

o HIhEARDAVHIE : BHRNRAE
o B2 (EEDHEIC) B HHIET : BRI

(classical logic)

A+EZE (FEKRE) EHEEHRE (2D 6) November 21, 2017 55 / 59



BRBI TR WTFIEEERR DO B

ab "EEMTH B LD REBHODME a, b D
BEET

(GEBR) V2 HEBMTHS. L, 2 NEENA
51, a=b=+V2 EThiIELW. 5 TRITNI,
a=v2" b=v3etre,

ab=v2V = V2 =2k, HEEICAD.
(EZCHRREG DO Y ETH?)

A+EZE (FEKRE) EHEEHRE (2D 6) November 21, 2017 56 / 59



ftb DFERRBIERIE TIEER O WRIE

D EBEDBRE (RBEDLIEHE)

ERDWE P ICOWT, P OEEEREL TFED
Bl37b PTHD, EWoTLW

Theorem classic_double_neg : forall P : Prop,
“"P -> P.
Proof.
intros P H. unfold not in H.
(* But now what? There is no way to
"invent" evidence for [P]. *)
Abort.
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HARBIERIE TIEARIL LA LW BERIEN

25

o /N— Bl (Peirce’s law): (P> Q) > P) > P
o BEfpE: PV P

- 22 L, ——(P V —=P) (=95 AV
o N - EIAVAI(D—ER):

» (AP A-Q)>PVQ

» (P->Q)->(—PV Q)
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WEE:  / FE710:30 FEY)

@ Exercise: and_assoc (2),
or_distributes_over_and_2 (2), contrapositive
(2), not_both_true_and_false (1),
dist_exists_or (2), in_app_iff (2),
beq_nat_ false iff (1)

o BBEEEZIAAK Logic.v ETDI7 7ML &%
T7<\':7.|'/7’f VIREY AT L@ UL TRYE

o L% XY MEICHAE:

- B HEBICEYT2ERM, hAYILKWERLE
&, TOMKICARZZE. (IR LL 1E9 A
T9. )

» REICBZATEL 25, %O)Ad)%ﬁﬁ, D&
Et(web 7 &) Z#5EICLIIBE, TOBEHRIER
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