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SEBRIAR (proof system) DO & DT % BIRERE (natural deduction) IZ& 2T, Coq THEHNT
WaEHEL DR AL (Rl 51k) 217 2.

o GEHA{AR (proof system):
—  TCHIW - @A) ATE S 2IEE WS 2 e ERHNES - AL eikEs>no 2
N ZEZDODER
— R
« FIWT - AEO (B &2
« B GEHZ2 AL L 28 D) DEFE
— HRERE, =7 Y bEEE, LV NMERHELR, RED ] O AR

o F/REHHE (natural deduction):
— JuY v (Gentzen) IZ &> TES NZGEIHERD (JifED) UL D

— KT HRER % ERIC BT 5 2 L A
— ORI DN D TR AR & BRI (Bk)

ZZTlE, mEOHKERE FRIBEES T (logical connective) £\ D) L LT [RLIK(->)] ZiT%
EALDMMENSHIROT, Induction.v F TOWAETHEONLIWE (272, A3 MDD Logic of
Computable Functions & IFIENDARRITHYE T D) IZHET D, IHIT, D) TEAIE) T~2
ETEONGFET D] Loz, TOMOMmEMEATPRITIHET 5. !

Coq DA RZ ED, ZOHEZETHAT L MMIIBERERRIE (intuitionistic logic) LI END
£EDT, MEDOEKEZ (H/f5%2K7)1/0 TH A 25525 O (I % HEERIE (classical logic) &
ES) IFERZDZEDTHD.

L2 <oBRETIE, 9 Tho) TE2IK] 2ok [R5IE] DAORMEAEF%2EAL ZMERE (propositional

logic) 2R U, EED~] [HB~IZDOWT| bWorzi{bT2E AU ZREERIE (predicate logic), BREIZDWTODR
MEL T d DB (arithmetic) NERZIZATEED DD, ZITIE, EINV— 25,




1 (T KRBT 2) BRESHRE
1.1 #pRE, XA

ZWETOD Coq DIEHETHFE > 7~EIE, n + 2 =3 n*m=mx*n &>/, SEDO2DA%
LESTHAEZEDZRNDORLL LT, TNHE -> TORWEY, @fF&Ell forall 2217207
58T, VEMLMEZERL T .

MEmETIE (RS D) TEAIE Lol m#%E DRI TEY KSR mE%E ME2 ks
BFICEHT S0, BuNOE (IN & RFEE (atomic proposition)) L U TCEABEDEE R D
MIZDOWTIHEHZME R T LR8N, 2D, AFRULIES L, HFmEe UTIXHIZ A, B, C A&
E(IN% mBEEH (propositional variable) £\ D) WHd I & e L, HimExfHdiEL LTIk
p &S,

9, AN 256 OmBEICES T2 @mEE XROEHREZ RT.

H ({E#) € {H1,H2IH, ...,}
q (JR¥a&)

P,Q ()  u= p
| P->Q
I (k) = e
| T, H:P

o MAEIXEFMEE (251X 2FBEKTD > TORVWEELEDTHD. > ILEATH .

o XIRIE H : P LS THOFITHY, P S (%1 H T)EINTVEZLE2RLTNS. 4
RO DA AT E A 5.

o R T IZBINDEDHRTDESEZ dom(T) & FEK.
o XHRDILTAD o (&, THIHEL TV 7)) IXEKT S.

o Z DHEMETIL, XRITH T DHHRABAEDHART ( TH:J DY) 2 EMT D0, I TlE
Coq DFLIEIZIEDIFTWVWS.

1.2 ¥irEBHHEE

BRI S AXGHRAET, BASUBER T - M T 282> TERL 20 LRI, TR T
DH & T P BKLT 2] &WD 22 mdBE T P (2023 (judgment) & EIFS) &4
HIZ>TEHTD.

HARBREDORBIE, MEOHKER (5056 (861, 2, F5)0e21l2%, Thi
fhiam 2B S BT (BARRRI (introduction rule) EWEC, BAI# MY T (introduction DFEXTF) THD
%) - HIERIZHN S B (BRERB (elimination rule) L FETY, BRI A E (elimination DIHXT) T
KDD)NOEDTOHB L IATHD. BAKANE, WEMESTIZL > THRI NS GBI LT
5 — B EMEEZRLTEY, BRERUIZZTOMENS L A&’%Eﬁ?’ﬁ%‘iﬁé NeRLTVD.



(H:Pel)

(ASSUMPTION)
'P
I' H: PFHQ H ¢ dom(T) (=>T)
->
'-P->Q
'EP->Q TP
(—E)
'HQ
1.3  FIErDEH 5]
1. K FA->B->A DEH:
H1:A,H2:BI—AASISUMPTION
HI:AFB->A
FA->B->A
2. HIWF + (A->B->C)->(A->B)->(A->C) DEH:
T A—>B—>c M I‘I—A_A>Sg[ I A->B M I‘I—A‘_Ajgl
TFB->C TFB_ .
I'HC

HL:A>B->CH2:AS>BFA—>C 1
H1:A->B->CkH (A->B)->(A->C)
FH(A->B->C)->(A->B)->(A->C)

->1

727ZUT X HL:A->B->C,H2: A->B,H3: A ¥ 9 5. ASSUMPTION (& AsM &H#EL T\ 5.
F/ZA->B->CIEZA->B->C) DI LThHhDI LITHERE.

2 BHBNSASEHEICEY HRIE

72 51F] O %ETIZ, 7202\ Induction.v E CTTH - -HF MY T 2mEARE 52 5.
I ZTOR T, BHIA S AZHBEOEZHE>T My =My, WO TEZ NS, [FFIZ,



2ME/bT2EATS.
z,yyH € {ab,c,...,}
S, T nat
bool
S->T

M1=M2
P->Q
Ve : T,P

[ ]
' x:T
' H: P

EPIZHNAHEIZFDAODONTVBEDTENE WF RN LIZEBLAALDN, ZIAIZRADONT
WTEHEMEE LTE—EMErENTWwWENZ e Hh 5. HlxIE,

Vb : bool,Vn : nat,b = n

D& S BamEE, TETEEERPBZVEDE UTHRT 2 LENH S, TOLOIZETMEIITTD
RN B,
IR B T BRI
' - P :Prop

LEL.PHWEVW/EHATES, LWOEHKRO T P LOXGNZERE L. #AIE, HVn:nat,n = S0

FEHTE (£5%) R WVWAY, FVn:nat,n = S 0:Prop Xkt iD. MEDENIFIZHEIZ P KE
BEBRTAIHERICARY I BZMETHDI I LEZRLUTWDIEITT, TONENIELWNE D N ILE
RN,

2.1 fpEORMIFIRA

'-M,:T '-Ms:T
' - My = Ms : Prop

I' = P:Prop '+ Q :Prop
' P->Q :Prop

I'x:T+ P :Prop

(VP)
'-Vx :T,P:Prop

UF, TP DEOO ( T7851E] OFRMLIZINA D) HAE 5225, THP:Prop THDIL
ZHIEE T 5.



2.2 22T 5K

'z: THP (x & dom(T))
T+ Vz: T,Plz]

(VD)

I'+Vz:T,Plx] TrHM:T
T+ P[M]

(VE)

ABA] VI 1E, P HIZEHNEZZER ¢ 12290, TORYMNEFIIEZBENTIZ P ASEKY LD
B, MERED x IZDOWVWT P BRI D] LWV >TIWNWIEE2RLTWD. £/, BREFANE, [EED
x IZDOWT P WYL D] 551X, KB, ERIGEAZEANZR T OE M IZDOWT P B
VDI EZRLUTND.

2.3 TFELX] ICET2EHBF

Ml%)M2 I‘}—MllT Fl—MQZT
I' - M; =M,

'+ M; =M, I+ P[M;]
T+ P[Ms]

WASA =113, fiifZBELTELL (), LWV TN (ZOHRETD)ELIDEHRTHD
ZEERLULTWVWS., REMBA=E X, r@EFTOHEIFFEUWEHTEIBIATLIWVWIEEZ2RLTWV5S.
2.4 BHAREICETZ2EHEL

I'-S(Mq) =S(Ms)

(In3S)
| Ml = M2
'-0=8(M) I' = P:Prop
(CONTRANAT)
r-pP
I - P[0] I', y : nat, H : Ply] - P[S(y)]
(INDNAT)

I' - V& : nat, Plz|

BRI INJS &, S @ injectivity (1-to-1 THD Z &) %, HHI CoNTRANAT I% 0 2% 1 A DO HREK
CIFFLUTHELL R (FLW, LW FEERNHTEZOFIERDT, TINOMTEEITD) 2L
Z2RUTWS. HH] INDNAT I3EEIFAATIE DR B 2 #Em A TR U 28 DTH S,

2.5 EAREICET 2EHHFA

T'F true = false ' P : Prop
TP

(ConTRABOOL)

I' - Pltrue] I' - P[false]
I' - V& : bool, Plx]

(INDBoor)



2.6 ZHDH
ZZTl¥, Vx:nat,PliVx,P LEMTS. £7-, HHHAIK AssumpTiON £ Asm EEBIKT 5.

1. B FVx,S 0=x->x+S(S 0) =S(S(S 0)) DEH:

Agy S0*SE 0) <+ S(S(S0)) TS 0:nat Tk S(S0):nat L
TFSO0=x TS 0+5(50) =888 0) _.
x :nat, H: S 0=xF x+S(S 0) =S(S(S 0)) a
Xx:natFS 0=x->x+5(S 0) =S(S(S 0)) ..

VxS O=x—>x+5(S 0) =855 0)) 1

7=7ZU My + Mo liﬁb%%ﬁ?ﬁ'@‘?L\ﬁlﬂ plus o7z plus My Mo @%%ﬂfi)‘), | RS
Xx:nat, H: S 0=x TH5.

2. ¥IWr - Vx,x+0=x DOEH:

L Thxe0=x ™ TESx+0-8G0) —,
FO0O+0=0 FFSX+O=SXINDNAT o
FVx,x+0=x

72720, 'l x:nat, IH: x+0=x THD.

3. i P % Vx,Vy,x=y->y=x%x, XIRT % sym: P, z: nat, H:S(S(0)) =S(S(0)) xz &
95, ZOR, HW T Fs(s(0) *z=58(s(0)) DEH:

I'-Vx,Vy,x=y->y=x Asw

I' = Vy,5(s(0)) =y—>y=8(5(0))

VE

T+ 5(5(0) =5(5(0)) *2->5(5(0)) ¥z =5(5(0)) "= T F 5(5(0)) =5(5(0)) *2 f*f]gﬂ
' S(s(0)) xz=8(s(0))
(VEBAIDSZOOOFHE T - M : T OBEHIZEKLTNS, )
4. ¥l FVx,x+0=0->x=0 DEH:
T H S +0=0Fs@+0=0"M T B :5Gx)+0=0F S(x) +0=50x+0) ffE
: T, H’:S(X)+O=D|—0=S(X+O)C N o
H:0+0=O|—0=0:>II I' i : S x+0=0F S x=0 >IONTRA AT
F0+0=0->0=0 CESx+0=0->8 x=0 "\

FVx,x+0=0->x=0

727ZU T iEx:nat, IH: x+0=0->x=0 CTHD.



3 Coq & BAERE

Coq TITOGEMHIE, T—N e B 2MaE P RN52 6NN, T P (72720, TI&THE TN
ZUZZEMOEEY) 2iEie TEMNAREZMKT 2 70 AR 520, HlRIE, ED Fvx,x=
S(0) ->x+5(S(0)) =S(S(S(0))) DEHEZEZEZTHALD. Coq T
Theorem foo : forall x:nat, x = S 0 -> x + S(S 0) = S(S(S 0)).
C o254, ARIZGGRE SN0,

f?

FVx,x = 5(0) —>x+5(5(0)) = 8(3(8(0))) .~

WD (RUDNZRWD) KD ? a2 MO TEEARZEH/IELIILTHD.

B Tav 2k, BAIZMAGDE T (ENETITHIRNHEEINSL) K% THREIYES) @S
ZLTW5. #HlZIE, intros &7 7w ZIE VI HAR ->I HANIKSLTEY, EOKRIZHLUT,
intros x. ZFETTH L ARIFHELT

?

 nat F S(0) =% > % £ 5(S(0)) = S(S(S()Y) ;{;
F Vx,S(0) =x->x+S(S(0)) =S(S(sS(D)))

2%, FERFEROIAIZH S (& UR) B LWIT—ILTH 5.
BT 4w ZIIEHROBAEMAGDEERFL TS 2Lt HD. HIAIE, XURIC H: My = M>
NEENTHY, T2 F P[Ms| 72572 rewrite <- H. 2%#179 5 &,

(?

7?9
T+ P[My]

ASSUMPTION
I' - P[M,]

EREREIYE, HiLVWI—IUE P HOD My % My IZESHR /2 P[M;)] 2735,
I apply BT T AV ZIZDWTHTALD. P %

I' = M, = M,

Vq : nat,Vr : nat,q=r->plus q q = mult r 2
LU, H: P XRIZHY, T—ILAT
plus 2 2 = mult x 2

ol $3., 2Z22T apply H. 2ET7T2DI, BAFOISIZEHAZBEIEDZZLEEZDL
nd.

'l 0:nat T-ZERO
= ~ - T-Succ
I'-S 0:nat
=15 ASSUMPTION —FH—— - —.— T-Succ
'-P I' - 2:nat VE T-VAR 7
I'FVr:nat,(2 = r) ->plus 2 2 = mult r 2 I‘I—X:natv_ ! .
'k (2 =x%x)->plus 2 2 = mult x 2 E I‘I—2=x"E
->

'k plus 2 2 = mult x 2

KK, DAFD &S Bt ioBE@nndh 5.
2YSETHEERETOD 213, S(S 0) DRI THS.




BIT4vY A
intros > F£7/21% VI
reflexivity =I
apply AssuMpTION, VE, ->E Ol &%
rewrite AssuMPTION & =E OflAYE
induction, destruct INDNAT % 7z1& INDBOOL
inversion INJS, CONTRANAT, CONTRABOOL (& =E Ofl&H)

4 TR LADORIEES

AR Tho) (#F), T3] (GES) Lol 12561 SO E T, TLTFEEWD
kg e I B U 72 8 AT 2 759, 2 b 2 1A 72 iwBl & anidam Pl & I3,

H (Ikx4) € {H1,H2,IH,...,}
p,q (JFRFE)

P, Q (fni)

———i
SR

e PAQIX TP»D Q) #FKT.
e PVQ X TP FE/HIZQI #%7.
o | IIFEEET.

4.1 HBEOETITIEE

I' = P:Prop '+ Q :Prop

(AP)
I'PAQ :Prop
' P:Pro T'HQ:Pro
p Q : Prop (VP)
I'PvVvQ :Prop
—— (LP)
'+ 1 :Prop
4.2 FEHRA
r+-pP '+
¢ (D
'-PAQ
'-PA
Q (A\-E1)
'+pP



TFPAQ

(\-E2)
r-Q
'-PAQ T,H;:P Hy:QFR @ﬁ#Hﬂwﬂﬂib¢®MH)ME$
'R
'P THF : Pro
Q : Prop (V-I1)
r-PvQ
' P:Pro T+
P @ (v-12)
r-PvQ
'-PvQ T,H,:P+R T,Hy:QFR (Hy, Hy¢ dom(T)) (V-E)
IR
'L '~ P :Prop
(L-E)

r-p

(22D OREKANG, @ E1, E2 D222 F 252N 0N, ThbsDfb) e LT
E3 #8HLTH &\,

[E7213) OBRERUE—FEDOLG & T OHHRERL TV 5.

o FIHIZOWTIFEAMAUMNZ SRERUDADD 5.

BE P & P->1 OIKGLE A%T.

5 $FMETF

FMEALF (existential quantifier) &%, TP 2729 o PMEET D] LWVWD WD S FEMmEE K
TODFIET, Tz : T,P OBz L. R I HRMANIEITOLSIZEZS Z
LINTE 5.

I'x:TF P:Prop
'-3x:T,P:Prop

(3P)

'M:T T+ P[M]
T+ 3z : T,P[z]

(3-1)

'3z :T,P[x] I''z: T,H : Plz]+Q I' - Q : Prop (x#H»Dx,H ¢ dom(T))

THQ
(3-E)



BAKA 311, 3z : T,P & P Dz ICEEKNRIH M 2 AN/-q#E, 4806, IM»P %
5729 PERTEZRIIE, TP 22T e PMFEETDH] Je2HEHULTRINIEEZRLTWD.

—7, BRESAII-EF, FEGENSHIOME Q 2 202X, o ' Plz] 2i/~zd V5 X
fR/IEDE LT Q EZRENEE D (FATHD) ZLE2RLTVD. REBOFIHRIE, KHEEIZIE Q
12 BWENTIENIT RN L 2ZKRL TV,

¥l DB H B
1. x: T+ P[x]:Prop 2 x: T F Q[x] : Prop &9 5. ZODK, Yk
F(vx:T,P[x]->Q[x])->3x: T,Px])->(3x: T,Q[x])

DML

10



