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oy e

Coq T, @D (7OVZLERAULLK)IED—E.
“Prop” Bl ZHFD.

Coq < Check (3=3).
3 =3
: Prop
Coq < Check (forall nm :nat, n +m =m + n).
forall nm : nat, n + m=m + n
: Prop
Coq < Check (forall (n:nat) (b:bool), n = b).
Toplevel input, characters 36-37:
> Check (forall (n:nat) (b:bool), n = b).
S -

Error:
In environment
n : nat
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mEAZERY B

Definition plus_fact : Prop := 2 + 2 = 4.

Theorem plus_fact_is_true : plus_fact.
Proof. reflexivity. Qed.
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INTG A —=F I NT-E

Coq < Definition is_three (n : nat) : Prop :=
n = 3.
1s_three is defined

Coq < Check is_three.
1Ss_three

: nat -> Prop
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Definition injective {A B} (f

forall x y :

Lemma succ_inj
Proof.

intros n m H. injection H as H1. apply H1.

Qed.

A, fx==Ffy ->x

injective S.

: A -> B) :=

=y.
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Logic.v

o fiiE

o MIEMEH
- BEE(hD])
- EE( TF7F])
s B FBERE( T~TARW])
- B
~ SWIERIEME (if and only if)
- FIREL( [HBxDEELT~])
o MABEF-/T7OY T A
o EEDZIHADEH
o Coqvs. £5
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% & (conjunction)
A/\B - TAND B

e A/\ B ZilEBHT 5 74®ICIE A & B ZZNhENhik
B9 %

@ split ¥V T 4v U TCA—IL%&EXTDINE

Example and_example : 3 + 4 =7 /\ 2 x 2 = 4.

Proof.

split.
- (x 3+ 4 =7 %) reflexivity.
- (x 2 + 2 = 4 x) reflexivity.

Qed.
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EEDEA
Lemma and_intro : forall A B : Prop,
A ->B ->A /\ B.
Proof.
intros A B HA HB. split.
- apply HA.
- apply HB.
Qed.

o MEEDMREA BIIDOWT X (BZ5LK)MH
» BIRIFHRTEEZINR?
@ split & apply and_intro (&[E U.
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HEEDNSMAHILD

REICH D A /\ B |F destruct TH7=DDIRE A &
B IIDfETE 5.

Lemma and_example2 : forall n m: nat,
n=0/\m=0->n+m=0.

Proof.
intros n m H.
destruct H as [Hn Hm].
rewrite Hn. rewrite Hm.
reflexivity.

Qed.
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EE DIRE

Lemma projl : forall P Q : Prop,
P/\Q —->P.

Proof.
intros P Q H. destruct H as [HP HQ].
apply HP. Qed.

Lemma proj2 : forall P Q : Prop,
P/\AQ—>Q.

Proof.
intros P Q [HP HQ].
apply HQ. Qed.
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Logic.v

o fiiE

o MIEMEH
» BE( [HD1)
» EE( TF7F])
s B FBERE( T~TARW])
- B
~ SWIERIEME (if and only if)
- JMEL( [HBxDFEELT~])
o MBAMS>TOTT A
o EEDZIHADEH
o Coq vs. EE M
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¥ 5 (disjunction)

A\/ B - TAZF7-lEB]
[F7213] DEAIET D ICIE destruct THERD T
=9 5:

Lemma or_example : forall n m: nat,
n=0\/m=0->nx*m-=0.
Proof.
intros n m H. destruct H as [Hn | Hm].
- (% Here, n = 0 %)
rewrite Hn. reflexivity.
- (x Here, m = 0 *)
rewrite Hm. rewrite <- mult_n_0.
reflexivity.
Qed.
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EEDEAN
Y9074y left & right

Lemma or_intro :

forall A B : Prop, A -> A \/ B.
Proof.

intros A B HA. left. apply HA. Qed.

Lemma zero_or_succ :

forall n : nat, n = 0 \/ n = S (pred n).
Proof.

intros [In].

- left. reflexivity.

- right. reflexivity.
Qed.
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TRl

WmIEES

» BE( [5D1)
» EE(TF71F1)

s B - FBREBE( [~T2W] )
* TES (ZEL<ARW)

> At

g Eﬁﬂﬂ"]ﬁﬁ'ﬁ (if and only if)

- R EL ( THBxDEFEELT~])
o MBAM>ALTOTS A
o TEHDE|FADiEHA
o Coqvs. £5R
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BEEFE
[P TidRW] (=P, ~ P)DES

Definition not (P:Prop) := P -> False.
(x False: [FE] MAl ZRITRIRDWE *)
(x [P TREAW] =P ZRETDEFET S *)

(* not : Prop -> Prop
A Z X T > Tz IRIEAH *)

Notation "~ x" := (not x) : type_scope.
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J&FR
FEOHOEIFATEWVNZS:
Theorem ex_falso_quodlibet : forall (P:Prop),

False -> P.

Proof.
intros P contra.
destruct contra. Qed.

@ destruct I¥ discriminate & BIFRAE X
» discriminate IFELAFSICHED (FBRER
5 &0 EEHESTH)
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5 % DEERA (1)

BEDIRI (False 2B 2 &0 T)A»LaYy

DMHELRZES.

Theorem not_False : ~ False.

Proof.
unfold not. intros H. destruct H. Qed.

Theorem contradiction_implies_anything :
forall P Q : Prop, (P /\ "P) -> Q.
Proof.
intros P Q [HP HNP].
unfold not in HNP.
apply HNP in HP. destruct HP. Qed.
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A EDELERA (2)

Theorem double_neg : forall P : Prop,
P -> 7P,

Proof.
intros P H. unfold not.
intros G. apply G. apply H. Qed.
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TF=
x<>ylEa(x=y)DIZ&:

Notation "x <> y" := (7 (x = y)) : type_scope.

Theorem zero_not_one : 0 <> 1.

(* expands to (0 = 1) -> False *)
Proof.

intros contra. discriminate contra.
Qed.
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Theorem not_true_is_false : forall b : bool,

b <> true -> b = false.
Proof.
intros [] H.
- (x b = true *)
unfold not in H.
apply ex_falso_quodlibet.
(* or use tactic exfalso. *)
apply H. reflexivity.
- (x b = false x)
reflexivity.
Qed.

SHEERE (2D 6)
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Logic.v

@ fPiEd

o MMIBKEAF

» BE( [HD1)

» EE(MF7k1F])
s s FEEBRE( [~TRWL])
- B
~ SWIERIEME (if and only if)

- BMElL ( [H2xDEFEELT~] )
o MBAM>ALTOYVS L
o EIEDE|IHADEA

o Coqvs. £55m
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B

T~

o E (BB E) 2K Y hrE: True
o NI T : True

Lemma True_is_true : True.
Proof. apply I. Qed. J

[EVERIZDITIN ] 2HBEIL THhETHEW
BNTTCEFT] EEVNTHBIFEHTI AL
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Logic.v

@ fPiEd

o MBS F
» BE( [HD1)
» BE( TFRE])

» B FBESE( [~TRW])
=1

>

=~

~ SWIERIEME (if and only if)
- BMElL ( [H2xDEFEELT~] )
o MMEAEMFSALTOVI A

o EEDF|IHADEA
e Coqvs. E&5m
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(FRIERY) BB
[EE (if and only if) I, WMAMADEEDEES:

Definition iff (P Q : Prop) :=
P ->Q /\ @Q-—>P).
Notation "P <-> Q" := (iff P Q)

(at level 95, no associativity) : type_scope.
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FMEMEICRAT 2148

Theorem iff_sym : forall P Q : Prop,
(P <> Q) —> (Q <—> P).
Proof.
intros P Q [HPQ HQP].
split.
- (x => %) apply HQP.
- (% <= %) apply HPQ. Qed.
Qed.
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frEETD FLX] &ELTOiff

WL DHDDY VT 14 U (reflexivity, rewrite) Tl
iff 2 = EALCELDICH/RIZENTES
EEFLRW (4T3 )oO—R):

Require Import Coq.Setoids.Setoid. J
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Lemma mult_O : forall n m,
n*xm=0<->n=0\/m=0.

Lemma or_assoc : forall P Q R : Prop,

P\ (Q\/ R <> (P \/ Q \/R.

Lemma mult_0_3 : forall n m p,

n*xm*xp=0<>n=0\/m=0

Proof.
intros n m p.
rewrite mult_0. rewrite mult_O.
rewrite or_assoc.
reflexivity.
Qed.

\/ p =

0.
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apply T <> p@% D &, [ 5] OFAEZ VWK
LICEATNS.

Lemma apply_iff_example :

forallnm : nat, n *xm=0->n=0 m= 0.
Proof.

intros n m H. apply mult_O. apply H.
Qed.
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> EI:I( b\jj )
» BE (TEXE])
s B - FREBE( [~TRW])
» SWIERIEME (if and only if)
- JFIREL( THBXDFEELT~])
o MREEF-/ATOVT A

o EEDF|IHADEA
e Coqvs. £E55m
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FMEL
Ix : X.P T8 X OEHK x B LT P

Lemma four_is_even:

exists n : nat, 4 = n + n.
Proof.

exists 2. reflexivity.
Qed.

o [TFIEDIIM] (witness) ZIEE T % exists
o BIEimE, TOMWNME P ZH/AY I & %5
ER)

EHEEHRE (2D 6) November 26, 2019 31 /68



FIREED DD

XARICHFFREIL Ix.P D% BE5IX destruct Z{FD
o (EFIEHMSAW) IFEDER] x &
o TNMMEPZHLY, EWVWIIRE
NEbhs
Theorem exists_example_2 : forall n,
(exists m, n = 4 + m) —->
(exists o, n = 2 + 0).
Proof.
intros n H.
destruct H as [m Hm].
(* witness IC intro /XY —V THREIZDITD *)
exists (2 + m). apply Hm. Qed.

v
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Logic.v

fnRE

mIEfE S

fEEFE- 7O T A
EIEDF| A DEA

Coq vs. &R
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fnRa 7 IR 9 B IFIEEEX
(x ITVRANI DEXRTHD] CEEXRITBRNOGE

Fixpoint In {A : Type}
(x : A) (1 : list A) : Prop :=
match 1 with

| [ => False
| x> :: 17 => x> =x\/ Inx 1’
end.

o x IFE—EBEREFLLV, Fkid,
o x IFEBE-EREIE L, Fik--
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Example In_example_1 : In 4 [1; 2; 3; 4; 5].
Proof.
simpl. right. right. right. left.
reflexivity.
Qed.
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Example In_example_2 : forall n,

Inn [2; 4] -> exists n’, n =2 *x n’.
Proof.

simpl.

intros n H. destruct H as [H1 | [H2 | [1]].

- exists 1. rewrite <- Hl. reflexivity.
- exists 2. rewrite <- H2. reflexivity.
Qed.

@ XA NMLZ intro /Xy —>

EHEEHRE (2D 6) November 26, 2019
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Logic.v

AE
AR 28

mIEfE S

PEEF-> A TOT T A
EIEDB| A DEA

Coq vs. &R
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EFRAE B —HR T — 4
Check OV Y~ RDEE)

Coq < Check 1.
1
: nat

Coq < Check plus_comm.
plus_comm
: forall mm : nat, n +m=m+ n

o ALYV K?
o EEDXMEMNHIENEMHODETHEZHNDLD ?
o ElE--
» plus_comm |& [EERRA 7 U b EWDT—%
(2E:1)
» SEFAA 72z NDOBII MR
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B — api@gl?

BETFr—9DEVWAEZRET S
@ nat ->nat -> nat

» 3™f=D®D nat Z5|WELTHA S &, nat HMEH
n3

o VX : Type, X > X
» BT Z8|ELTEZASE, T->TBHOBHED
ToNn3
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Rz L) V)BT <HED

en=m->n+n=m-+m
» n=m®DiFBRE5 25 E, n4+n=m+ m D
BANEONBI?
eVn:nat,2«*xn=n-+n
- BAM a %2525 & 2xa=a+a OiAIEDS
ns1?

Coq < Check (plus_comm 3).
plus_comm 3
: forall m : nat, 3+ m=m+ 3
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B LEDOR A A > 725EER AN = =T

Lemma plus_comm3_take3d :

forallnmp, n+ (m+p) = (p +m) + n.
Proof.

intros n m p.

rewrite plus_comm.

rewrite (plus_comm m p).

reflexivity.
Qed.

assert 2fFYLXYILAVYIMTLL?
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(assert 7 {¥ > 7=EIEFR)

Lemma plus_comm3_take?2
forallnmp, n+ (m+p) = (p +m) + n.
Proof.
intros n m p.
rewrite plus_comm.
assert (H:m+p=p+m.
{ rewrite plus_comm. reflexivity. }
rewrite H.
reflexivity.
Qed.
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BUD (NTIHIZAR)

Theorem in_not_nil
forall A (x : A) (1 : list A),
Inx1->1< [].

(* x = 42 ITFHIELEEXE *)

Lemma in_not_nil_42 :

forall 1 : list nat, In 42 1 > 1 <> [].

Proof.
intros 1 H.
apply in_not_nil. (* doesn’t work! *)

EHEEHRE (2D 6) November 26, 2019
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FERELI~HENTHIHFZRIDZFE>TLLEILWL. )

apply in_not_nil with (x := 42). apply H.
apply in_not_nil in H. apply H.

apply (in_not_nil nat 42). apply H.

apply (in_not_nil _ _ _ H).
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Logic.v

o fnRE

mIBFE S

tmEAE- 7OV S A
EE D5~ DEH

Coq vs. £HA

- BAEDHIEME

- fRRR & BiAE

» HELERIE vs. FERKBYERIE
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%A = HE?

o x NEA X DERTHS
> 2 IXBBOEEDERTH S
o x HE X %%7-T (BB X(x) BHIIT )

Definition ev (n:nat) : Prop :=
evenb n = true.

Check (ev 2).
ev 2 : Prop (x 2 IXEBETHD *)

Coq DIMIBEESRMIIUTWVWEINEELEVEDH S
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FEHDEFEL X

Coq COREHNDEL IDER
fLg: X>YDHELLN &S fog J

o « [FEMICLBFLE

(fun x => 3 + x) = (fun x => (pred 4) + x).

Example function_equality_ex1 :
Proof. reflexivity. Qed. j
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BHMTOEAMODELIDESR

def

f,g: X > Y BEFELWL < Vx € X, f(x) = g(x)

o AHANDARKITH%
o FAZIDA I (extensionalitiy) [REE & £ LN 5.

Example function_equality_ex2 :

(fun x => x + 1) = (fun x => 1 + x).
Proof.

(* Stuck *)
Abort.
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SIEHEDARIEDIEN
Axiom 3<% N (GEERZR L TEA 2 dpEDIENN)
Axiom functional_extensionality :

forall {X Y: Type} {f g : X —> Y},
(forall (x:X), f x=gx) > f =g.

Example function_equality_ex2 :
(fun x => x + 1) = (fun x => 1 + x).
Proof.

apply functional_extensionality. intros x.
apply plus_comm.
Qed.
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e

Q rewrite plus_comm CEERTERMNSTD?
A fun x OAAHDLRZ &, x + 1 IF(BADVWE)K
TIEBRVWDTYARDTT (x BXARICRVDT).
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REBOEMITDONT

o MITEHEMNATEHEML TLWVWDIFTIFARL

o BRAFET S (MITEHIBATE %) BIM

o FELARWI EAERTDIIKRE

o AMDAEMLBIFEML TEFB/ELEWI EHH
5hTW3

@ Print Assumptions EMEH. T, EIEDIEARAIC
FoznNERDHID
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Logic.v

AH
GTepE|

mIEkE S
hBEEF- - TOTS L
EEDBIEADEMA

Coq vs. &

» FAELD S M

- il & BiAfE

- HTELERIE vs. HERHIERIE

EHEEHRE (2D 6)



iR & EaE

ME &SRR 2 A DD E: BEAE (bool) & M

(Prop)
Bl1: nl3BHTHS

@ evenb n B true %#1RY

o % k "FTEL T, double k =n

ZDIFE, MDDEWAHIIEM

Definition even x := exists k : nat, x = doubWe

Theorem even_bool_prop : forall n,
evenb n = true <-> even n.

B{/fE evenb n 3B even n % RE (reflect) L TL
5, &EWD
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Bl2: B n & mIFZHELW
e n=?m 7" true ®IRT
en=m

Theorem beq_nat_true_iff : forall n m : nat,
(n =7 m) = true <-> n = m. J
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finl vs EIA1E

o [beq.nat nm = true RS ] T &M
(7 TIE, BERRDZICHFY =7/

o — A, ln=m] THBZELPDDBE revrite T
EIZ&ENTES

o MICHE(FIZIE n=m)id7 075 L (HIZIEFif
DFEBERRE) THEA XL

(x ThiFF X1 *)

Definition is_even_prime n :=
if n = 2 then true
else false.

» BZONTRBOEBZHET 5 —RNQRFTE
(ZITY L) DRV & &HERK
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o STETHETESMETE Prop TR LIzANE
BIIEETIBEAEZV
» fil: XF5 s AEAIRIE R ICR Y F9 3 (B E
S5 h)
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Proof by reflection

hEEZ, TNZRIMRTIEBENICEISIRAT, 58
ISk > CEERRT %.

S5 D (?)

Example even_1000 : even 1000.

Proof. unfold even. exists 500. (x ¥ ¢ k %
KBOF35 *)

reflexivity. Qed.

reflection (C & % EiFER

Example even_1000 : even 1000.
Proof. apply even_bool_prop. reflexivity. Qed.

— % IC reflection ICK BEEBHD A D, MY BHICA S
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Example not_even_1001 : evenb 1001 = false.

Proof. reflexivity. Qed.

Example not_even_1001’ : ~(even 1001).
Proof. unfold even.

rewrite <- even_bool_prop.

unfold not.

simpl.

intro H.

discriminate H.
Qed.

even_bool_prop Z{EH R WGERAISEHE L E D -

EHEEHRE (2D 6) November 26, 2019
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WICERRED =" HME L LM

Lemma plus_eqb_example : forall nm p : nat,
n="m=true ->n+p="m+ p = true.
Proof.
intros n m p H.
rewrite eqb_eq in H.
rewrite H.
rewrite eqb_eq.
reflexivity.
Qed.

WRICL > THED "= CEB/EEIT IZYERLY
T5OHNIY
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Logic.v

AH
AR 28

mIEkE S
BEAEF- 7O S A
EEDBIEADEMA

Coq vs. &

-~ FAE DA IE M

- i & BB

» THEERIE vs. HABIERIE
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Hip 2
[EABRBBETETOEENTED E S MBI
T3]

Definition excluded_middle :=
forall P : Prop, P \/ ™ P. J

I& Coq TILEERAT E 7L
o FFBRY BIIIFICIIDE, BE - BEE L L ZARY
%M left, right TEEQIFTNITUMFARL
o MNELLEMAIELIVWMNE P ICIKET HDT—H
KX H 7L
» b, BAONIHECERZHET 5 — K
BRAEE(FZILTY XL)HRWT & EFE%k
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BRE & 7 e (1)
E/A{ET reflect TEX 2558

Theorem restricted_excluded_middle :
forall P b,
(P <> b = true) -> P \/ ~ P.
Proof.
intros P b H. destruct b.
- left. rewrite H. reflexivity.
- right. rewrite H.
intros contra. destruct contra.
Qed.
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(R S e (2)

ESICDOVWTOHEFRE:

Theorem restricted_excluded_middle_eq :
forall (nm : nat), n = m \/ n <> m.

Proof.
intros n m.

apply
(restricted_excluded_middle (n = m)
(n =7 m)).
symmetry.
apply eqgb_eq.
Qed.
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tE R HYEREE (constructive logic)

HEREL VST - W T,

o FE(3x, P x) DFEEAN T X b, (A P 27
DH ] ZFEEARICEDITHT I ENTE 3.
» FEEERAIE TP Zim/cd b ] %12 (BT %)

WEIDH D

o WIZ, W DA DAL HEEE (BEIC K > TEAFRA

BE) I B

o HIhEARDAVHIE : BHRNRAE
o B2 (EEDHEIC) B HHIET : BRI

(classical logic)
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BRBI TR WTFIEEERR DO B

ab "EEMTH B LD REBHODME a, b D
BEET

(GEBR) V2 HEBMTHS. L, 2 NEENA
51, a=b=+V2 EThiIELW. 5 TRITNI,
a=v2" b=v3etre,

ab=v2V = V2 =2k, HEEICAD.
(EZCHRREG DO Y ETH?)
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*ﬁﬁkﬁq IET Linlb\&bfd\ \Aﬂh@ﬁfg

D EBEDBRE (RBEDLIEHE)

ERDWE P ICOWT, P OEEEREL TFED
Bl37b PTHD, EWoTLW

Theorem classic_double_neg : forall P : Prop,
“"P -> P.
Proof.
intros P H. unfold not in H.
(* But now what? There is no way to
"invent" evidence for [P]. *)
Abort.
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HARBIERIE TIEARIL LA LW BERIEN
If

o /N— Bl (Peirce’s law): (P> Q) > P) > P
o HEFhfE: PV P
- 22 L, ——(P V —=P) (=95 AV
o N - EIAVAI(D—ER):
» (AP A-Q)>PVQ
o (P->Q)>(=PV Q)

A+EZE (FEKRE) EHEEHRE (2D 6) November 26, 2019 67 / 68



WEE:  / FE710:30 FEY)

@ Exercise: and_assoc (2), contrapositive (2),
not_both_true_and_false (1),
or_distributes_over_and (3), dist_exists_or
(2), In_app_iff (2), eqb_neq (1)

o AENEAINT Logic.v %& origin/master |C push

o LRI NI TERREG6I & WD BRIDHFR issue Z1F
Ak L LA = BREE:

- EECORBICEY2EM, bMUICKWERLE
Z&, TOMKUTABD I E. ( THFIZARLL EF X
TY9. )

» REICBZTEL 25, TDOANDER, HOE
Ft (web &) Z#5EICLIIBE, TDBRHRIE
(URL %2 &).
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