[EtE & mIE ]
Software Foundations
D7

ht+E ZE
call9@fos.kuis.kyoto-u.ac. jp

http://www.fos.kuis.kyoto-u.ac. jp/~igarashi/class/cal/

December 24, 2019

HEEHRE (ZD 7) December 24, 2019

1/56


http://www.fos.kuis.kyoto-u.ac.jp/~igarashi/class/cal/

IndProp.v

o IRMBICEEZIN S RE
o SFAAA 7 Y MNAEEBATED
» BHICDWT D inversion
» BHIZDWTDIFIHE
o (JRMMICERINDS)ER
o T—RARHN T 4: IEAIKRIR
@ T—ARH T 1: reflection DR

HEEHRE (ZD 7) December 24, 2019 2/56



PRA 2 R T RS L BEREDESR (1)

Coq < Definition even(n:nat) : Prop :=
evenb n = true.
even 1s defined

Coq < Check even.
even
: nat -> Prop

Theorem two_is_even : even 2.
Proof.

unfold even. reflexivity.
Qed.
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finRE 2R REEIC L S EHMEDESRE (2)

Coq < Definition even'(n:nat) : Prop :=
exists k, n = double k.
even' 1s defined

Theorem two_is_even : even’ 2.
Proof.

unfold even’. exists 1. reflexivity.
Qed.

INLDAETIEMEE L THEXZ2EANLER (R
Fon) (T A TULAL,
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BEDEE DIRMIE S

BHROES EV X, UTDA-DDFHEZ=F-Tx)
D (BABOHD)EETHS.

@ 0IX EVDTHD

e n DMEV DITARLIES (S n) IFEVDTTHS

o ZEDDHRMH] KIFEHAT I ERIIVIHTE
H3
- PIZIE 1 LA DBRBOES

o /M4T T3] ZHXYERS

IBIMIEZ = HACOVWTEHLTWS + &/IMVME
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WEE MBIl DIFMWEE
EOEBEEES & [BEORMIER K52

B n DMBEBTH S (ev n &EL) &IF, LUTDR
IS IRMNICERZEINS.
e evl ThH5
o EEDBEARE nICTDOWVWT, eviniablE
ev (S (S n)) TH3
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E /\\\/ %/}lbt\‘% Lj- Lji\
FTLWRFHE ev n:

N+~ n:nat

N=ev n:Prop

o E AZRAY:

Nlev O
Nl=ev n

N=ev (S (S n))
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Coq T D IFHIRIIEE D EFH

Inductive ev : nat -> Prop :=
| ev.0 : ev O

| ev_SS (n:nat) (H : evn) : ev (S (S n)).

o LW (BAMARINETS)RHE ev DES
» nat -> Prop ... BAKICE T % h5E
o AVAKLS U4 = BARADERE
» HIEDEREBOLDICHERZS
o AVAMZVHDEIEHR= HADOHA
» n:nat ... RAID/INZ X =%
» Hiev n ... FRAIDEIR
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S F TD Inductive EF: & DEL

Inductive ev : nat -> Prop :=
| ev.0 : ev O
| ev_SS (n:nat) (H : evn) : ev (S (S n)).

@ nat N5 Prop NDEHDIFMHIE S
o INTA—FICZFNDVWTHELT, Eo7=5IHUE
FAINTW3 (ev n, ev 0 0 &)
» list © Type M5 Type NDEHMLE 1D, EIC
list X D THEDLITW

EEHRE (ZD 7) December 24, 2019 9/56



BE > TCERDIET

Coq < Inductive wrong_ev (n : nat) : Prop :=

| wrong_ev_0 : wrong_ev 0

| wrong_ev_SS (n : nat) (H : wrong_ev n) : wrong_ev
Toplevel input, characters 80-81:
> [ wrong_ev_SS (n : mat) (H : wrong_ev n) : wrong_ev (&
s -
Error: n 1s already used as name of a parameter of the -
bound variables in the type of a constructor shall use ¢

name.
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Bl T4IFEHTH S )

Coq < Check ev_0.
ev_0
:ev 0

Coq < Check (ev_SS 0).
ev_SS 0
ev 0 -> ev 2

Coq < Check (ev_SS 0 ev_0).
ev_SS 0 ev_0
Dev 2

Coq < Check (ev_SS 2 (ev_SS 0 ev_0)).
ev_SS 2 (ev_SS 0 ev_0)

P ev 4
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Bl T4IFEHTH S )

Theorem four_is_even : ev 4.
Proof.

apply ev_SS. apply ev_SS. apply ev_O.
(* Or: apply (ev_SS 2 (ev_SS 0 ev_0)). *)
Qed.
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BHHEDOEHREAA TV FPOFE
iy 2

ev n B8 H (GEEA) TE 2% <—
o BHDHEFEDOIRAIT Ev-I1 Tn=0, £t L IX

o BHOZEZEOMKANX EV-I12 T, 5 n ICDWVWT
n=S(S(n")) B2, ev n’ TH5.

oFY

E:ev n THD <—

e E=ev.0D2n=0, £LLIE

o 5 n & E'ICDWT E=ev_SS nE HD
n=S(S(n")) ™D, E':ev n' TH5.
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BHICDWTDIBEN T (1)

Theorem ev_inversion :
forall (n : nat), evn ->
(n =0) \/ (exists m, n =S (S m) /\ ev m).
Proof.
intros n Hev. destruct Hev as [ | m Hm].
- left. reflexivity.
- right. exists m. split.
+ reflexivity. + apply Hm.
Qed.

BHINWAERey nHD, ThEEWLHIRIES,
CDEDEE% [HEE (inversion) DEE] & HIER
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destruct DE =X

n (Hev ODED3|H) %=
o 0 DIZFE

» ev_0 DBRIDZ|IEHE L THTK 3
e S(5(...)) DHE

» ev_SS DEIDB|IEHE L THTLK %
ICmahld, DFVY
e n Il 0 ZRALKL DGR

e n Il S(S(m)) ZRA LKA (m & intro /X% —
ICHZR)
e HEBK
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BHICDWTOHZEDT(2)

Theorem ev_minus2 : forall n,
ev n -> ev (pred (pred n)).
Proof.

intros n E.

destruct E as [| m E’].

- (x E = ev_0 x) simpl. apply ev_O.

- (x E =ev_SS n’ E’ x) simpl. apply E’.
Qed.
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destruct &Kk T B & H

Theorem evSS_ev : forall n,
ev (8 (S n)) -> ev n.
Proof.
intros n E.
destruct E as [| m E’].
(* The goal is still "ev n" *)

@ destruct DEF:
» RED ev DB S(Sn) 20 & S(Sm) ICEE
BZEDHDETHB
o MY, T—IIC S(S n) RERVDT, MHEMERIN
A A
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WERDEIE % 55

Theorem evSS_ev : forall n,
ev (8 (S n)) -> ev n.
Proof.
intros n H. apply ev_inversion in H.
destruct H.
- discriminate H.
- destruct H as [n’ [Hnm Hev]].
injection Hnm. intro Heq.
rewrite Heq. apply Hev.

EEHRE (ZD 7) December 24, 2019 19/56



5T 4 % inversion
HEDEIE E ZhicEob B ERIAME (BA45 1,
FELABADKRE, ZROEE) AL TN

Theorem evSS_ev’ : forall n,
ev (S (S n)) -> ev n.
Proof.
intros n E.
inversion E as [| n’ E’].
(x* We are in the [E = ev_SS n’ E’] case! %)
apply E’.
Qed.
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EEDBERENIZDWVWT ev (S(S n)) &5

I ev n

(FEER) ev (S(S n)) OBHICOWTIHED T

@ ev_0 DIFE: HY AR\,

e ev_SS DIFE: BHDHEIRIZ ev n DIXTRDTHE
,:%75“8_?‘@'5.

(FEBA#R)
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inversion IC & 5 FFDBEIRE

Theorem one_not_even : ~ ev 1.
Proof.
intros H. apply ev_inversion in H.
destruct Has [ | [m [Hm _]]].
- discriminate H.
- discriminate Hm.
Qed.

Theorem one_not_even’ : = ev 1.
Proof.
intros H. inversion H. Qed.
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FNICX T B inversion
injection, discriminate Z HEI TPy > T< N3

Theorem inversion_exl : forall (n m o : nat)
[n; m] = [o; o] => [n] = [m].
Proof.
intros n m o H. inversion H. reflexivity.
Qed.

Theorem inversion_ex2 : forall (n : nat),
Sn=0->2+2=25.

Proof.
intros n contra. inversion contra.

b

v
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EHIIX T D inversion

MHRT H: I (I IRBHRNICEZINME) &7 56,

inversion H (&:

o AVANMZ V4 (BHMKRA) BICHEDI
» ev_0, ev_SS DIFE

o BIGBETORIIRSE M -
> o SCAR IS BN

* ev_SS DIZFE DR ev n HHENN
s o HAFELTWBBRRIBEZDEDDORE

* ev_0 DBE (S (S n) = 0FHY XN

HE—SICITD
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XD BHEOESFDREN

Lemma ev_even_firsttry : forall n,
ev n —-> exists k, n = double k.
Proof.
intros n E. inversion E as [| n’ E’].
- (x E = ev_0 %) exists 0. reflexivity.

- (* E=ev_SS n’ E’ x) simpl.
(x n’ : nat
E’> : ev n’

exists k : nat, S (S n’) = double k x*)

o CHOBRFETDO2FE-TLES
o N, ev n’ ITFAH!
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£ L, ev n’ 5 Ik, n’ = double k NNEIBAT X /= &
Ls, 2F<CWL:
assert (I : (exists k’, n’ = double k’) —>
(exists k, S (S n’) = double k)).
{ intros [k’ Hk’]. rewrite Hk’.
exists (S k’). reflexivity. }

apply I.
(* reduce the original goal to the new one *)

v

o ZDRR, EIHITRELI 7
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BEUCET 5 IFWE
P(n) #BA n OMEBICODVWTRRAMEE T S
BEUCET 2 IRiNEDIREE
[EEDBE n IZDWT P(n)l AT ERE
e P(0) ™D
o ERDEE n’ ICDWT P(n') 451 P(S(S n')) |

o Z=DDIZED T IXBEHEDERICHRE
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E /\\\/ﬁ%}_\l L\—% < t
ev DFRERA:

levm r+= P[O]
I',n: nat,H : ev[n],IH : P[n] - P[S(Sn)]

M= P[m]

(Ev-E)
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JEIRE 7 (E D

Lemma ev_even : forall n,
ev n —> exists k, n = double k.
Proof.
intros n E.
induction E as [|n’ E’ IH].
- (x E = ev_0 %) exists 0. reflexivity.
- (x E=ev_SS n’” E’
with IH : exists k’, n’ = double k’ x*)
destruct IH as [k’ Hk’].
rewrite Hk’. exists (S k’). reflexivity.

Qed. |
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induction E > C?

e E:evn&W) &,
» E=ev_. 02 n=20
» E=ev_8Sn E' D n= S(Sn') D

E':evrn (DFY n HLEX)

DWInh.

o EX(ROMMULABWVWEHART)HBED X MEE
ZLTW3!

—> induction E &) A MCETBIFHEDL D A2

H D!

o MBEMOEBEHICETZREME] £EWD
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AARGER &

EIE: BAY n MERARLIE, B kIZDW

T n = double k TH 3.

SFER: ev n DEBH T 2 RINE. HREROBRITOW
=Y o

@ ev. 0DIFE. TOEN=0. k=0 &dThnIELL.

@ ev_SS DIFH, TDEHS n’ IZDWVWT
n=S(Sn)MDev n TH?. FEDIREL
Y, 5 k' ICDWT n’ = double k' TH 5.
double (S k') = S(S(double k')) = S(S n’) = n
ERBDT, k=S(K) EThiEL . (GEEHK)
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fod & L TR
o —BIBOME (—3IHCHE): (60 OUEEERT

» even fckt

o B DmE (Z5I#HEE): D] & T£D] D
EfraeRY

> =
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FEfk TLAT] DIRHNESR

Inductive le : nat -> nat -> Prop :=
| lenn : lenn
| le Snm (H:1lenm : (len (Sm).

Notation "m <= n" := (le m n).
BHFA:
n<n (LE-N)
<
g (LE_S)
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(LAY ICB89 EERR

HEAEXBICIE ev EEL:
o I—IVICHBBHLIAVAKNT Y H % apply
o XARICH B72 5 inversion

Theorem test_lel : 3 <= 3.
Proof. apply le_n. Qed.

Theorem test_le2 : 3 <= 6.
Proof.

apply le_S. apply le_S.

apply le_S. apply le_n. Qed.
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Theorem test_1le3 : (2 <=1) -> 2 + 2 = 5,
Proof.

intros H.

inversion H. inversion H2. Qed.
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(Rl DES

Definition 1t (n m:nat) := le (S n) m.
Notation "m < n" := (1t m n).

o le 2L T ICEEIFMHNLREREZIDELLL?
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T DM, ZIREHR DB

Inductive square_of : nat -> nat -> Prop :=
| sq (n : nat) : square_of n (n * n).

Inductive next_nat : nat -> nat -> Prop :=
| nn (n : nat) : next_nat n (S n).

Inductive next_even : nat -> nat -> Prop :=
| ne_1 (n : nat) (H : ev (S n))
: next_even n (S n)
| ne_.2 (n : nat) (H : ev (S (S n)))
: next_even n (8 (S n)).

RO HY TTH?
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XFIEEEFRT B
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XF
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il
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FRISE (BRREA— M M UHRIEBT ZE5E) &
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TIT77Ry NEE T LOERIKRREZKRTE
reg_exp T:

Inductive reg_exp {T : Type} : Type :=

| EmptySet : reg_exp T

| EmptyStr : reg_exp T

| Char : T -> reg_exp T

| App : reg_exp T -> reg_exp T -> reg_exp T

| Union : reg_exp T -> reg_exp T -> reg_exp T
| Star : reg_exp T -> reg_exp T.

o BE T IIBIRES
o ZZTIEZDHIRIFRIBIN T LA
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XFHDT Y F
s="re - [XFF s:list T hre:regexp T IC
NYFIB]

— (MEMPTY)
[1="¢
MCHAR
[x] = Char x ( )
S1 =" rep Sy =" res (MAPP)

S1 ++ s2 =" App re; re;
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s1 =" rep

—— (MUNIONL)
S1 =7 Union re; rep
S» =" re
- 2 (MUNIONR)
Sp =7 Union rej rex
[ = Star re (MSTARO)
s1 =" re Sp =7 Star re
' 2 (MSTARAPP)

s1 ++ sp =" Star re
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JEHNRIERREIC & B E R

Inductive exp_match T :
list T -> reg_exp T -> Prop :=
| MEmpty : exp_match [] EmptyStr
| MChar (x : T) : exp_match [x] (Char x)
| MApp sl rel s2 re2
(H1 : exp_match sl rel)
(H2 : exp_match s2 re2)
: exp_match (sl ++ s2) (App rel re2)
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| MUnionL s1 rel re2
(H1 : exp_match si1 rel)
: exp_match sl (Union rel re2)
| MUnionR rel s2 re2
(H1 : exp_match s2 re2)
: exp_match s2 (Union rel re2)
| MStarO re : exp_match [] (Star re)
| MStarApp sl s2 re
(H1 : exp_match sl re)
(H2 : exp_match s2 (Star re))

: exp_match (sl ++ s2) (Star re).
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@ EmptySet ICDWTODFRRAIKZARL
@ Union, Star ICDWTORAIAINT=DF D
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< v FDEKH

Example reg_exp_exl :
[1] =~ Char 1.
Proof.
apply MChar.
Qed.

Example reg_exp_ex2 :

[1; 2] =~ App (Char 1) (Char 2).
Proof.

apply (MApp [1] _ [2]).

- apply MChar.

- apply MChar.
Qed.

EEHRE (ZD 7) December 24, 2019

4
48 /56



Lemma MStarl : forall T s (re
s =7 re -> s =" Star re.

Lemma empty_is_empty : forall T (s

~ (s =" EmptySet).

Lemma MUnion’

forall T (s : list T) (rel re2
s =" rel \/ s =7 re2 >
s =" Union rel re2.

: @reg_exp T),

: list T),

: reg_exp T),
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18 reflection
MR P & b= true EDREHEMDNKILT B0, biX P
ERBLTWS, &EWD

Theorem eqb_true_iff : forall n m : nat,
n =7 m = true <-> n = m. J

LLFD&L DA, =7 AF>7/-EEDIEAICZIID

Theorem filter_not_empty_In : forall n 1,
filter (fun x => n =? x) 1 <> [] -> Inn l.J
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— %1k hEE reflect

Inductive reflect (P : Prop) : bool -> Prop :
| ReflectT (H : P) : reflect P true
| ReflectF (H : ~ P) : reflect P false.

bh P AERMYZZEE reflect P b lEZE1E

Theorem iff_reflect : forall P b,
(P <-> b = true) -> reflect P b.
Theorem reflect_iff : forall P b,
reflect Pb -> (P <-> b = true).
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EWDIDIFT, UTFDADDEERBIIAELZ &.

Theorem eqb_true_iff : forall n m : nat,
n =?m = true <-> n = m.

Theorem eqbP : forall n m : nat,
reflect (n = m) (n =? m = true).
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EEENAES

Theorem filter_not_empty_In : forall n 1,
filter (fun x => n =7 x) 1 <> [] -> In n 1.
Proof.
intros n 1. induction 1 as [lm 1’ IH1’].
- (x1=1] %
simpl. intros H. apply H. reflexivity.
- (*x1=m:: 1 %)
simpl. destruct (eqbP n m) as [H | H].
+ (x n =m %)
intros _. rewrite H. left. reflexivity.
+ (* n <> m %)
intros H’. right. apply IH1’. apply H’.
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reflection D ZF 2%

o PLEEFAN T o T VYT B

o RERATBEARMMBEICDWTIEITE DL T reflect Z{ED
OIS BE, BAERTIEMAEIIMRY T o>EYT
5ZENHLNTWS

o Coq 51 75" SSReflect THIEINTWBIEBAR
Z

» BRI SSReflect TEEBAI M7=
o AMEDEE (AFBHBRTIHKWVWEEA) TlEHL Y
fF5

HEEHRE (ZD 7) December 24, 2019 55 /56



BEE: / FET10:30 FEY)

@ Exercise: ev_double (1), inversion_practice (1),
ev_sum (2), le_exercises (3) M le_trans,
O_le_n, le_plus_1

o MEEMNEAI NI IndProp.v % origin/master |

push
o LRI NYIT TERET] EWD ARIDFTH issue Z4E
B L LA % BAES:

- BE - EZBICETAER, bMYICKWERLE
&, TOMKUIARB I E. ((TRRICTARL] 1F4 A
T9. )

s REBEICHAZATEL 2D, ZOANDERL, BDE
£ (web 72 &) B EIC LIGE, TOBRER
(URL %2 &).
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