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PRA 2 R T RS L BEREDESR (1)

Coq < Definition even(n:nat) : Prop :=
evenb n = true.
even 1s defined

Coq < Check even.
even
: nat -> Prop

Theorem two_is_even : even 2.
Proof.

unfold even. reflexivity.
Qed.
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finRE 2R REEIC L S EHMEDESRE (2)

Coq < Definition even'(n:nat) : Prop :=
exists k, n = double k.
even' 1s defined

Theorem two_is_even : even’ 2.
Proof.

unfold even’. exists 1. reflexivity.
Qed.

INLDAETIEMEE L THEXZ2EANLER (R
Fon) (T A TULAL,
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BEDEE DIRMIE S

BHROES EV X, UTDA-DDFHEZ=F-Tx)
D (BABOHD)EETHS.

@ 0IX EVDTHD

e n DMEV DITARLIES (S n) IFEVDTTHS

o ZEDDHRMH] KIFEHAT I ERIIVIHTE
H3
- PIZIE 1 LA DBRBOES

o /M4T T3] ZHXYERS

IBIMIEZ = HACOVWTEHLTWS + &/IMVME

PTRANCOWTHLTWS] EHL D
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WEE MBIl DIFMWEE
EOEBEEES & [BEORMIER K52

B n DMBEBTH S (ev n &EL) &IF, LUTDR
IS IRMNICERZEINS.
e evl ThH5
o EEDBEARE nICTDOWVWT, eviniablE
ev (S (S n)) TH3
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E /\\\/ %/}lbt\‘% Lj- ‘ji\
FTLWRFHE ev n:

[ = n:nat

[~ ev n:Prop

o E AZRAY:

[Fev O
[Fev n

[Fev (S (S n))
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Coq T D IFHIRIIEE D EFH

Inductive ev : nat -> Prop :=
| ev.0 : ev O

| ev_SS (n:nat) (H : evn) : ev (S (S n)).

o LW (BRI %S| E T 2)ME even DEH
» nat -> Prop ... BAKICE T % h5E
o AVAKLS U4 = BARADERE
» HIEDEREBOLDICHERZS
o AVAMZVHDEIEHR= HADOHA
» n:nat ... RAID/INZ X =%
» Hiev n ... FRAIDEIR
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S F TOD Inductive EFR & DIEL

Inductive ev : nat -> Prop :=
| ev_0 : ev O

| ev_SS (n:nat) (H : evn) : ev (S (S n)).

@ nat N5 Prop NDEHDIFMHIE S
o NS A—FILHZRFADVWTELY, AVAINT VY
B4 REIBICERINTWS (even n, even 0
8E)
» list © Type M5 Type NDOEHMLE >, EIC
list X D THEDLI TV
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BE > TCERDIET

Coq < Inductive wrong_ev (n : nat) : Prop :=
| wrong_ev_0 : wrong_ev 0
| wrong_ev_SS (n : nat) (H : wrong_ev n) : wrong_ev
Toplevel input, characters 0-127:
> Inductive wrong_ev (n : nat) : Prop :=
> [ wrong_ev_0 : wrong_ev 0
> [ wrong_ev_SS (n : mnat) (H : wrong_ev n) : wrong_ev (&
Error: In environment
wrong_ev : nat —-> Prop
n : nat
Unable to unify "wrong_ev 0" with "wrong_ev n".
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Bl T4IFEHTH S )

Coq < Check ev_0.
ev_0
:ev 0

Coq < Check (ev_SS 0).
ev_SS 0
ev 0 -> ev 2

Coq < Check (ev_SS 0 ev_0).
ev_SS 0 ev_0
Dev 2

Coq < Check (ev_SS 2 (ev_SS 0 ev_0)).
ev_SS 2 (ev_SS 0 ev_0)

P ev 4
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Bl T4IFEHTH S )

Theorem four_is_even : ev 4.
Proof.

apply ev_SS. apply ev_SS. apply ev_O.
(* Or: apply (ev_SS 2 (ev_SS 0 ev_0)). *)
Qed.
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BHHEDOEHREAA TV FPOFE
iy 2

ev n B8 H (GEEA) TE 2% <—
o BHDHEFZDIRAIL Ev-I1 Tn=0, HLLIZ

o BHOZEZEOMKANX EV-I12 T, 5 n ICDWVWT
n=S(S(n')) B2, ev n’ TH?.

oFY

E:ev n THD <—

e E=ev.0D2Dn=0 HLLIZ

o B n & E'ICDWT E=ev_SS n EHD
n=S(S(n")) ™D, E':ev n' TH3.
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BHICDWTDIBEN T (1)

Theorem ev_inversion :
forall (n : nat), evn ->
(n =0) \/ (exists m, n =S (S m) /\ ev m).
Proof.
intros n Hev. destruct Hev as [ | m Hm].
- left. reflexivity.
- right. exists m. split.
+ reflexivity. + apply Hm.
Qed.

BHINWAERey nHD, ThEEWLHIRIES,
CDEDEE% [HEE (inversion) DEE] & HIER

EEHRE (ZD 7) January 5, 2021 15 /56



destruct DE =X

n (Hev ODED3|H) %=
o 0 DiFH

» ev_0 DBRIDZ|IEHE L THTK 3
e S(5(...)) DIHE

» ev_SS DEIDB|IEHE L THTLK %
ICmahld, DFVY

o nil 0 ZMALLLD KR

e n Il S(S(m)) ZRALZWKR (m & intro /Ny —>
ICHZR)

e HEBK
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BHICDWTOHZEDT(2)

Theorem ev_minus2 : forall n,
ev n -> ev (pred (pred n)).
Proof.

intros n E.

destruct E as [| m E’].

- (x E = ev_0 x) simpl. apply ev_O.

- (x E =ev_SS n’ E’ x) simpl. apply E’.
Qed.
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destruct &Kk T B & H

Theorem evSS_ev : forall n,
ev (8 (S n)) -> ev n.
Proof.
intros n E.
destruct E as [| m E’].
(* The goal is still "ev n" *)

@ destruct DEF:
» RED ev DEIE S(Sn) 20 & S(Sm) ICES
BzEH&9 5
o MY, T—IIC S(S n) RERWVWDT, AHEMERIN
78t LN
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WERDEIE % 55

Theorem evSS_ev : forall n,
ev (8 (S n)) -> ev n.
Proof.
intros n H. apply ev_inversion in H.
destruct H.
- discriminate H.
- destruct H as [n’ [Hnm Hev]].
injection Hnm. intro Heq.
rewrite Heq. apply Hev.
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5T 4 % inversion
BEORE E 2RI E Db B ERHANLE (B85,
FELABADKRE, ZROEE) AL TN

Theorem evSS_ev’ : forall n,
ev (S (S n)) -> ev n.
Proof.

intros n E.
inversion E as [| n’ E’].
(x* We are in the [E = ev_SS n’ E’] case! %)
apply E’.
Qed.

EEHRE (ZD 7) January 5, 2021 20 /56




EROEARB NICDOWVWT ev (S(S n)) &b

ev n

(EBA) ev (S(S n)) DEHICDOWTIBES

@ ev_0 DIFE: HY AR,

e ev_SS DIFE: BHOEIRIE ev n DIETRDTRE
EhRtE 3.

(FEFR#R)
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inversion IC & 5 FFDBEIRE

Theorem one_not_even : ~ ev 1.
Proof.
intros H. apply ev_inversion in H.
destruct Has [ | [m [Hm _]]].
- discriminate H.
- discriminate Hm.
Qed.

Theorem one_not_even’ : = ev 1.
Proof.
intros H. inversion H. Qed.
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FNICX T B inversion
injection, discriminate Z HEI TPy > T< N3

Theorem inversion_exl : forall (n m o : nat)
[n; m] = [o; o] => [n] = [m].
Proof.
intros n m o H. inversion H. reflexivity.
Qed.

Theorem inversion_ex2 : forall (n : nat),
Sn=0->2+2=25.

Proof.
intros n contra. inversion contra.

b

v
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EHIIX T D inversion

MHRT H: I (I IRBHRNICEZINME) &7 56,

inversion H (&:

o AVANMZ V4 (BHMKRA) BICHEDI
» ev_0, ev_SS DIFE

o BIGBETORIIRSE M -
> o SCAR IS BN

* ev_SS DIZFE DR ev n HHENN
s o HAFELTWBBRRIBEZDEDDORE

* ev_0 DBE (S (S n) = 0FHY XN

HE—SICITD
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XD BHEOESFDREN

Lemma ev_even_firsttry : forall n,
ev n —-> exists k, n = double k.
Proof.
intros n E. inversion E as [| n’ E’].
- (x E = ev_0 %) exists 0. reflexivity.

- (* E=ev_SS n’ E’ x) simpl.
(x n’ : nat
E’> : ev n’

exists k : nat, S (S n’) = double k x*)

o CHOBRFETDO2FE-TLES
o N, ev n’ ITFAH!
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£ L, ev n’ 25 Ik, n’ = double k HNEEBATX /=&
Ls, 2F<CWL:
assert (I : (exists k’, n’ = double k’) —>
(exists k, S (S n’) = double k)).
{ intros [k’ Hk’]. rewrite Hk’.
exists (S k’). reflexivity. }

apply I.
(* reduce the original goal to the new one *)

v

o ZDRR, EIHITRELI 7
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BEUCET 5 IFWE
P(n) #BAH n OHBEICOVWTHERAHEET S
BEUCE T 5 FNEDRIE
[EEDBE n IZDWT P(n)l EUATFERE
e P(0) D
o EEDBE n’ IZDWT P(n) 5L P(S(S n'))

o Z=DDIZED T IXBEHEDERICHRE
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E /\\\/ﬁ%}_\l L\—% < t
ev DFRERA:

[+ev m [+ P[O]
[,n:nat,H : evn,IH : P[n] - P[S(Sn)]

[+ P[m]

(Ev-E)
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JEIRE 7 (E D

Lemma ev_even : forall n,
ev n —> exists k, n = double k.
Proof.
intros n E.
induction E as [|n’ E’ IH].
- (x E = ev_0 %) exists 0. reflexivity.
- (x E=ev_SS n’” E’
with IH : exists k’, n’ = double k’ x*)
destruct IH as [k’ Hk’].
rewrite Hk’. exists (S k’). reflexivity.

Qed. |
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induction E > C?

e E:evn&WD &I,
» E=ev_. 0 D2 n=0
» E=ev_SSn' E' B2 n=S(Sn") D

E':evn (DFY n LB

DWInh.

o EX(ROMMULABWVWEHART)HBED X MEE
ZLTW3!

—> induction E &V A MCETBIFWEDL D A2

H D!

o MBEMOEBEHICETZREME] £EWD
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HAGEIL &
EE: BRY n MBBGSIE, B kITDOW

T n=double k TH 3.
SEER: ev n OBHICET 2 IEHME. REDEIIIDOWL
BT,
@ ev. 0 DIFE. TOEN=0. k=0 &TNnIXLL.
@ ev_SS DIFH, TDEHS n’ IZDWVWT
=S(Sn)hDev n TH?D. BNEDIRE
Y, 5 k' [ICDWT n’ = double k' TH 5.
double (S k') = S(S(double k')) = S(S n’) = n
ERBDT, k=Sk') EThidL\. (FERARR)
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o & L COER
o —BIMDAE (—3IMtE): [t OHEERY

> ev IR E

o TRIMOHE (ZEIBRE): Tt0] & THD] O
BRART

> =
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FEfk TLAT] DIRHNESR

Inductive le : nat -> nat -> Prop :=
| lenn : lenn
| le Snm (H:1lenm : (len (Sm).

Notation "m <= n" := (le m n).
BHFA:
n<n (LE-N)
<
g (LE_S)
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(LAY ICB89 EERR

HEAEXBICIE ev EEL:
o I—IVICHBBHLIAVAKNT Y H % apply
o XARICH B72 5 inversion

Theorem test_lel : 3 <= 3.
Proof. apply le_n. Qed.

Theorem test_le2 : 3 <= 6.
Proof.

apply le_S. apply le_S.

apply le_S. apply le_n. Qed.
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Theorem test_1le3 : (2 <=1) -> 2 + 2 = 5,
Proof.

intros H.

inversion H. inversion H2. Qed.
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(Rl DES

Definition 1t (n m:nat) := le (S n) m.
Notation "m < n" := (1t m n).

o le 2L T ICEEIFMHNLREREZIDELLL?
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T DM, ZIREHR DB

Inductive square_of : nat -> nat -> Prop :
| sq (n : nat) : square_of n (n * n).

Inductive next_nat : nat -> nat -> Prop :=
| nn (n : nat) : next_nat n (S n).

Inductive next_ev : nat -> nat -> Prop :=
| ne_1 (n : nat) (H : ev (S n))
: next_evn (S n)
| ne_.2 (n : nat) (H : ev (S (S n)))

: next_evn (S (S n)).

4l

EDWI]

RO HY TTH?
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XFIEEEFRT B

RS

BT €

XF

T

il

BYUIRL

FRISE (BRREA— M M UHRIEBT ZE5E) &
X3 itn
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TIT77Ry NEE T LOERIKRREZKRTE
reg_exp T:

Inductive reg_exp {T : Type} : Type :=

| EmptySet : reg_exp T

| EmptyStr : reg_exp T

| Char : T -> reg_exp T

| App : reg_exp T -> reg_exp T -> reg_exp T

| Union : reg_exp T -> reg_exp T -> reg_exp T
| Star : reg_exp T -> reg_exp T.

o BE T IIBIRES
o ZZTIEZDHIRIFRIBIN T LA
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XFIHDT Y F
s="re - [XFF s:list T Nre:regexp T I
NYFIB]

— (MEMPTY)
1="€
MCHA
[x] =~ Char x (MCHAR)
S1 = re S = re (MAPP)

S1 ++ s, =" App re; re;

HEEHRE (ZD 7) January 5, 2021 43 /56



S =" rep

—— (MUNIONL)

S1 =" Union re; re,

S =" re

~ - _ : (MUNIONR)

Sy =7 Union re; re;
MSTARO
[ =~ Star re ( )

s =" re S, =7 Star re

(MSTARAPP)

S1 ++ s, =7 Star re
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JEHNRIERREIC & B E R

Inductive exp_match T :
list T -> reg_exp T -> Prop :=
| MEmpty : exp_match [] EmptyStr
| MChar (x : T) : exp_match [x] (Char x)
| MApp sl rel s2 re2
(H1 : exp_match sl rel)
(H2 : exp_match s2 re2)
: exp_match (sl ++ s2) (App rel re2)
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| MUnionL s1 rel re2
(H1 : exp_match si1 rel)
: exp_match sl (Union rel re2)
| MUnionR rel s2 re2
(H1 : exp_match s2 re2)
: exp_match s2 (Union rel re2)
| MStarO re : exp_match [] (Star re)
| MStarApp sl s2 re
(H1 : exp_match sl re)
(H2 : exp_match s2 (Star re))

: exp_match (sl ++ s2) (Star re).
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@ EmptySet ICDWTODFRRAIKZARL
@ Union, Star ICDWTORAIAINT=DF D
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< v FDEKH

Example reg_exp_exl :
[1] =~ Char 1.
Proof.
apply MChar.
Qed.

Example reg_exp_ex2 :

[1; 2] =~ App (Char 1) (Char 2).
Proof.

apply (MApp [1] _ [2]).

- apply MChar.

- apply MChar.
Qed.
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Lemma MStarl : forall T s (re
s =7 re -> s =" Star re.

Lemma empty_is_empty : forall T (s

~ (s =" EmptySet).

Lemma MUnion’

forall T (s : list T) (rel re2
s =" rel \/ s =7 re2 >
s =" Union rel re2.

: @reg_exp T),

: list T),

: reg_exp T),
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183 reflection

P & b= true EDEMEMEDKILY 58, b ik P
EFRELTWS, &0

Theorem eqb_eq : forall n m : nat,
n =7 m = true <-> n = m. J

LLFD&L DA, =7 AF>7/-EEDIEAICZIID

Theorem filter_not_empty_In : forall n 1,
filter (fun x => n =? x) 1 <> [] -> Inn l.J
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— %1k hEE reflect

Inductive reflect (P : Prop) : bool -> Prop :
| ReflectT (H : P) : reflect P true
| ReflectF (H : ~ P) : reflect P false.

bh P AERMYZZEE reflect P b lEZE1E

Theorem iff_reflect : forall P b,
(P <-> b = true) -> reflect P b.
Theorem reflect_iff : forall P b,
reflect Pb -> (P <-> b = true).
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EWDIDIFT, UTFDADDEERBIIAELZ &.

Theorem eqb_eq : forall n m : nat,
n =?m = true <-> n = m.

Theorem eqbP : forall n m : nat,
reflect (n = m) (n =? m = true).
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EEENAES

Theorem filter_not_empty_In : forall n 1,
filter (fun x => n =7 x) 1 <> [] -> In n 1.
Proof.
intros n 1. induction 1 as [| m 1’ IH1’].
- (x1=1] %
simpl. intros H. apply H. reflexivity.
- (*x1=m:: 1 %)
simpl. destruct (eqbP n m) as [H | H].
+ (x n =m %)
intros _. rewrite H. left. reflexivity.
+ (* n <> m %)
intros H’. right. apply IH1’. apply H’.
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reflection D ZF 2%

o PLEEFAN T o T VYT B

o RERATBEARMMBEICDWTIEITE DL T reflect Z{ED
OIS BE, BAERTIEMAEIIMRY T o>EYT
5ZENHLNTWS

o Coq 51 75" SSReflect THIEINTWBIEBAR
Z

» BRI SSReflect TEEBAI M7=
o AMEDEE (AFBHBRTIHKWVWEEA) TlEHL Y
fF5
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BEE: / FET10:30 FEY)

@ Exercise: ev_double (1), inversion_practice (1),
ev_sum (2), le_exercises (3) M le_trans,
O_le_n, le_plus_1

o FAENEEAI NI IndProp.v % origin/master I
push

o LARY NY®D Report.md EWD 7 71 ILICLL T %
BAGC:

- EBE - RBICEYT2EM, bhVICKWERLE
&, TOMKUTARZ I E. ((THFICRLL S X
T9Y. )

» REICBZATEL 25, TDANDERL, HOE
£ (web 72 &) B EICLIGE, TOBRE
(URL %2 &).

o~ e 1O .

O — _ S~ -
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