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E  

struCture Of F＄eudo－Boolean mdels  

雄蕊㌫。dels，Weal，eadykn。WtW。  
づ一）l事  

Ciandthe？ilepPeraLion・But  

sense that there exist finite models 

So aninvestigationintothealgebraic  

SeemS eSSential． For dealing with   

Operations on mdels，i．e．，Cwlesian  

these operationsareincompletein the  

which can not be obtained from the  

twoelemFntmdelSlby theseoperationsalone・Therehasbeenapro－  
．・l巨．J  

bl寧㌍0fiふdingacompletesetofoperationsinthissense・（SeeHosoi［4］，  

よ孟HosoiamdOno［町）   

Ourmainresult（Theor亘3・7）soIvesthis problem・Moreprecisely，  

J in§2，WeShal1intrducet正en6tionofthe？aich噌〝atLononmdels，and  
in§3， 

COmpletein the sense that anyfinite mdelcanbe obtained from Slby  

these operations．  

Further，We Shal1studyiTltermediateloglCS through F＄eudo一触1ean  

models．The notion of slice defined axiomalicaL＆by Hosoiwi11be char－  

acterized aLgebraica勒in§4．To do this，We Shal1de負ne the notion of ，■●ふJl  
the heikhiof p訳udo－B001eanmdels．We shallprove that this height  

㌘〔I－  

関昭肝限totheindexofslicetowhichbelongsthelogic空聖terized  
by tbemdel．  
r‘ンミ丁盲丁モ蔚－～  

ゴ油敏郎如㌣雪Shal1applythemin resulttoobtainan甲SyE聖ethdfor  

閻唖呪縛庚脚tofmdels，andatheoremontheimnTedia†epredeces－  

SOrS Of certainloglCS．   
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Throughout thispper，We eXPeCtSOmefamiliaritywith［5］and［10］，  

Since some notationsand de負nitions are tx）rrOWed from themwithout spe－  

Cialmentioning・  i．：i  

The authorwishestoexpress hish申rty軸nksto Profs．T．Hosoiand  
： 

H．On。fortheirhelpf。1s。ggeSti。nSan 

▲†t ユ Lj 

§1．Prelipin8rie8  

Propsitionalvariables are expressed bシ 

logic we mean anintermediate propsitionallogic．Byamodelwe always  

mean a pseudo－Boolean algebra（PBA）withチtleast tYO Flements・（See  

e・g・［1］・［12］）・Wewritel（0）forthe＊a牟ふum（miniヰヰ＼r讐PeCtively）  

element ofa model，Wherelis the designated・We甲efourlogicalcon－  
1上■‾’†  

nectives＜，＞，→，and「．Same symtx）1s are used for thd cqrrespnding  
リ operationsinmodels．ItshouldbenoticedthatahymodeiMdetermih品  
111 alogicL（M），thatis，thesetofformulasvalidip）it，dndいiorヰ華c  
L there exist a modelM such that L＝L（M）．  

Any m∝lelMis a partially ordered set by de負nition．Forany ele－  

mentsp，q（p≦q）inamodelM・WeWrite［p，占］iortheset（xJp≦千  

≦q〉・andcallitanintervalinM・ItisimpTtanttOremarkthat［p・q］  

isalsoムpBAbythenaturalorderinginit（see［2］）．   

If the orderingin Mislinear，We Say Mis alinearmodel・ 

write L－for thelinear modelwith n＋1elements・Since anyinfinite  

linearmodelischaraCteristicforoneandthesamelogic，W寧Yrite L。！or  
りニl仁木l・一  

such a mdel．We put S．＝L（L．）（1≦n≦a））．  

The followlnglemmais well－known．  
J  

bmm且1．1．51享52享‥・享5．享・・・毒5山・  

cl。arly，thesetiS，tl≦T｝≦d，lcovetsillioii昆■ふhich、havealinear  

mdel．   

Thefollowingtheoremisdd色tbD坤血華甲］・l：YeL；emarkherethat  

t thistheorem c弧beproved品silybyth占decompsitiontheoremofMcKay  
［9］andbyLemmal．9inHosoiandOno［7］・  

T血eoreml．2．AJ吋fcエゐβざα肋gαr桝〃虎J好Z∈エ，紺ゐ〝gZ＝（α○   



Cr［＾JL＾CT8RtZ＾TtON OF PsEUDO－BooLE▲N MoDELS DY BooLE▲N MoDELS  143   

オヰ1）∨＝長軸「用句）■l  

．～‡f！童 bl汀川∴ll  
The de丘nition of slice by Hosoiis as follows：   

ノヽ ■ヽ  

1」食．ダ”＝（エlエ＋Z＝5．〉．  

ede轟鱒the，pileoperation（seealso［5］）．  

1．4．ヱβ′〟，〝お血′〃桝〃虎ね．叩＝物伽β点＝．材†〃ね  

お′触1桝αおJ5〟C血沈α′銑鋼f5釦仇β d∈g創妨功廟g抽れ抑通徹湘（f）  

g＝〟′∪廊や油汗β〟′＝（タ∈gl♪≧れα押d〝′＝（タ∈glタ≦の，（ff）〟  

科料湘叫賄ぃ血肋朋′，αカd（揖）〝f5f5〃桝呵地相抽〝1句り鳥β5βf5か  

鯛卿畔■叩βf血′め〟紺f班〝α乃d〝紺離〝′・肋cβd＝0〃＝1〝・  

裏書点汀gト  

ィI射巨 ㌔  §2・P81d10per8tion   

In this section，We負rst de血e thepatchoperation onpartially ordered  

setsいLThispoperation de血es an ordered set R from a triple（P，Q，f），  

Where P，q are Partially ordered sets and f■is anisomorphism from a  

Subset of P to a subset of（？．Afterwards，We COnSider the case that P  

よnd（？arePBAs．   

Nowlet A and B be twodisjoint setsandf：A′→B′tx a bijection，  

血ereA′（orB′）isa＄ubsetofA（orB）・Defineanequivチ1encerelation  

壷jon AuB bythat x…yiLf x＝yOr X＝f（y）or y＝f（x）・Wewrite  

A◇fB for AuB／≡，andcal1it the patchingof A and B by f・By  

identifying those elementsin AuB thatare equivalent w．r．t．≡，We Shall  

あhsiderthatA◇fB＝AuBandA′＝B′＝AnB．  

無血ふSubpsethat A andBareprtial1yorderedsetsandf：A，→B′  
融由舶eILisomorphism．Thenwecandefineanorder≦on A◇fBas  
如如顧ヤ 

町心拍ehtionedpalx”e，WeCOnSiderthatA◇fB＝AuB．Wedenotethe  

（如曲蜘A■（orB）by≦＾（0，≦B）．Definearelation≦onAuBby  
thtX≦yiLf（x，y∈Aand x≦Ay）or（x，y∈Band x≦By）or（x∈B，  

y∈Aandfor80me z∈AnB，X≦BZ and z≦Ay）or（x∈A，y∈B and  

forsome子∈AnB，X≦AZand z≦By）・Thenitis easytosee that≦  

is舶壷嵐鮎品t，ふd＆onAuBwhichpreservestx）th≦＾and≦B．   
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Ex＆tnPle2・1・We申OWaneXamplebyHassediagrams，Wherefis  

anisomorphism which maps a，b，C，and din A to a，b，C，and din B．  

＝＝ 

▲l  

・AqB  

・J ‥．lい  

Asseenin the atx）Ve eXample，eVenif Aand B～左鉦ipB鮎the patch－  

edprtial1yorderedset A◇fBis not nece鵠ari1y a PBA．So，tO rnake  

A◇fB aPBAwemustput somerestrictions▲Onf・Thefo1lowing th∝ト  

remgivesasu侃cientcondition for A◇lB to bea PBA．  
l－1   

Th∞柁山2・2・〝dβ乃dβ〃柁Pβdββ”d′イざ〃乃・f5〃椚叫舶ざ別々〃桝  

〃邦f血αJd′〆d gわ〃ノ蝕肋「月′〆月」助卯」◇′βi5ご〃J5〃〃P且A  

什叫〔First remark that AnB＝［0，1，1B］，by theidenti丘catiopsta呵  

atカVe・For今nya∈A wede血e a．∈AnB byputting 

forany b∈B，b＋∈AnBisde負ned by b＋＝bvBOA．Itisclearth？t a「≦a  

andb≦b’・Further，aト→8‾（bJ→b＋）isahom？mOrPhismfrom4（B，re声p・）  

to dn凡   

（Ⅰ）Existenceofinfia，bl・  
f， 

SineeothercasesaretriYial，WeOnlyconsiderミthe・：甲Seth？tD∈A－B  

andb∈B・We prove thatinfla，b）＝a‾＜BbT，tql甲1y・「不ハBb≦b，and  

a‾＜Bb≦a－≦a・Hencea．＾Bbisalowertx・und qf；：極；恥JOntheother  

hand，1et c be any element such that c≦a and c≦b．By the de丘nition  

Oftheorderingon A◇f阜パ≦？iTnPliest中年e痺t甲Fe pf some x∈AnB  

SuCh that c≦x≦a．Hence xl＝X‾≦a－．So c≦a‾．Thus（≦a‾＜Bb．  

ThereforeふeseethataL＜Bb〒叫a，牲   

（ⅠⅠ） 

Thiscan be provedaLSthedualcaseof（Ⅰ）．   

Thusweseethat A◇fBis alattice■ Wedenotethelqtticeopera－  

tionson A◇′B by＜and v・   
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（ⅠⅠⅠ）Existenceofmaxixla＜x≦b）．  

We consider four cases so that they coveral1possible cases．In any  

dibesecaseswe prove that max（xla＾x≦b）＝C for acertain c．We  

db一一きthisin｛tWO StepS．In（Stepl）we prove thatif a＜x≦b then x≦c．  

恥梱柑12）weprovethat a＾c≦b・Fromthesetwostepswe havethat  
抽■（pla＾x≦bl＝C・ln thefollowing x willdenoteanarbitraryelement  

such thatα＜∬≦ム．  

．爛（l＼The case that a∈A and b∈A．  
丁．  

Weshal1prove that max（xLa＜x≦b〉＝a→Ab．  
▲  

．彊－・r鱒tepl）If x∈A thenbythedefinitionof a→＾b，X≦a→＾b．Sup一  

録thatx∈B－A．Thenthereissomey∈AnBsuchthata＜x≦y≦  

b・Hencea‾＜BX＝a‾＜x≦a＜x≦y・So x≦a‾→BY・Thensince a‾→B  

ヂ巨頭・∩β，α＜（α‾→βγ）＝α‾＜（α‾→βγ）≦γ・Henceα‾→βγ≦α→Aγ≦α→  

Aゐ．Thus∬≦α→Aゐ．  

・BEu（Step2）Obvio。S．   
（ii）The case that a∈A－Band b∈B－A．  

We shal1prove that maxIxla＜x≦b）＝a．→Bb．   

（Stepl）Suppse that x∈A，then a＾x∈A．Then we have b∈A，  

since a＜x≦b∈A．This contradicts to b∈B－A．So wesee that x∈B．  

Now，Sincea，≦a，We have that a‾＜BX＝a－＜x≦a＜x≦b．Hence x≦  

α′→βゐ．   

（Step2）Bydefinition，a‾＜（a‾→Bb）≦b．Clearly，a‾→Bb∈B．Y Then  

by（Ⅰ），α＜（α‾→βゐ）＝α‾＜（α‾→βゐ）≦ゐ．   

（iii）The case that a∈B－A and b∈A－B．  

We shal1prove that max（xla＜x≦bl＝a＋→＾b．   

（Stepl）Sincea＜x∈B－A，thereissome y∈AnB such thata＾  

X≦y≦b．Suppose x∈B・Since a＋＜（a→By）＝（a＾（a→By））＋≦y＋＝  

We haveα→βγ≦¢＋→Aγ・Then，∬≦¢→aγ≦α＋→βγ≦α＋→Aγ≦α＋→Aゐ・  

Next，SupPOSe XEA－B．Then，a＾x‾＝a＾x≦b．Hence（a＜x－）vO＾≦b．  

Shcea，X‾，aTld OJlarein B，We Can uSethedistributivelaw・Hence，  

㊥voJl）＜（x－VOJl）≦b．Soa＋＾xr≦b．Sincea＋∈Band x∈A－B，a＋＾  

X＝a＋＾x‾≦b．Thus we have x≦a＋→＾b，Since a＋，X，and b arein A．  

（Step2）a＜（a＋→Jlb）≦a＋＾（a＋→，1b）≦b・  

（iv）The ca5e thata∈B and b∈B．  

W占shaltprovethat  
＝  

ll、l   
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1β→A（α→βゐ） （ifα→βゐ∈d）  

a→Bb  （OtheTwise）．  
max（∬lα＜∬≦叫＝  

First we considerthe case that a－・Bb∈A．Put c＝1B→＾（a→Bb）．   

（Stepl）If x∈B then x≦a→Bb≦c．Sup海x∈AqB．Thena＾  

x＝a＾（18＾x）≦b．Since18＾x∈B，1B＾x≦a－・Bb．SincelB，X，and  

α→βふ訂einJ，We have∬≦c．   

（Step2）By thedefinition of c，a＜c＝a＾（1B＾c）≦a＾（a→Bb）≦b．  

Next，SupPSe C＝a→Bb∈B⊥A．   

（Stepl）If x∈B，then by the definition of c，X≦c．If x∈A－B，  

then a＾x‾≦b，Where x‾∈B．Hence x‾≦c任A．Therefore x－4：A．  

Thisis a contradiction．   

（Step2）Obvious．  Q．E．D．  

From the atnve proof we have the following tablefor the calucula－  

tion of thelogicaloperators．  

∬＜γ  

∬∨γ  

∬→γ   



F
 
一
 
 
 
一
 
．
1
．
．
∴
．
．
．
．
．
．
．
．
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Rcm＆rk・Iffisa mappingwhichidentifiesO＾andlB，then A◇fB  

去 

tioh，  

§3・Completen鰯．Orthe P且kbOpe－atit■n  

De丘nition3．1．d♪αr鮎Jわαdα¢d5¢f C f5Cα抽dαれ かC捉如才f‘  

ね如脚呵血＝血h伽用一助鋸相加血月ぬ如朋動画加．  

The followlng theorem clarifies thelocalstructure of a PBA．This  

theorem willbe usedin thelast section．  

Tbeorem3・2・んばお〟仙＝PねαP凡4釧ばタ，タ2，…，みα咋血血痛  

桝〃∬i桝〃JβJβ研創ねi舛クーil〉・コ鴨翻［タ1＜‥・＜ル1］ね・卯l和一≠如・  

丹od．Asaninductive hypthesis，WeaSSumethatthe theorem holds  

for m＜n．Consider an nJimensionalB001eanalgebra B＝甲（il，2，…，Tl））．  

Wedefineα：B→［pl＜・’－＜p”1］byputtingα（K）＝i会PEforanyK⊂  
il，2，‥．，n）．（We considerα（¢）＝l）Then，Clearly，α（KuL）＝a（K）＜  

α（エ）．  

Wefirst show that αisinjective．To derive a contradiction，1et us  

assume that K≠L andα（K）＝α（L）．Then α（KuL）＝α（K）．Hence，  

Without anyloss of generality，We have only to consider the case that  

K＝il，2，…，i）and L＝il，2，…，f，i＋1〉．Thatis，  

α（g）＝タ1＜…＜タi＝タ，  

α（上）＝タ＜タ…＝ク■   

Hence pi．1≧pl＜…＜pi・Nowby theinductive hypothesis，［pl＜…＜pL，   
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1］isani－Cube・So，PL．1muStCOincidewithoneof pl，‥・，PE，SincepL．1  

ismaximalin［pl＜・・・＜pL，1］－（1I．Thisisacontradiction．   

Next，WeprOVethataissurjective・Takeanyr≧pl＜・・・＾p．・We  

put p＝Pl＜・・・＾phand qi＝Pl＜…＜pト1＜pL＋1＜‥・＜pr Then・  

r＜曾i≧タ （1≦f≦花）．  

FirstsupFX）Sethatr＜qE＞pforsome 

issomeK⊂（pl，‥．・，Pト1，PE．1，・‥，Pnlsuchthatr＝a（K）bytheinductive  

hypthtsis・Hencewemよyassumer蔓qE・Th6nwehaveqi＞r＾qE＞p・  
Sincepi＞qEL＝1；p．＾qE＝P，andPisamodular1atticewegetl＞（r＾qi）  

＞pE＞pi・Thiscontradicts thatpEismaximalinP－ill・Thus，．there  

■ OnlyremainsthecasethatT＾qE＝Pforanyi・Thenp＝，Y（r＾qE）＝r＾  
■ ∫∑9戸r＜1＝r・Hencer＝α仰・2・‥り可）・   

ThusWe have seen that a：B→［p．1］is a biiection．Further，if  

K⊂L，then a（L）＝a（KuL）＝a（K）＾a（L）．Hencea（K）≧α（L）．This  

means that ais an anti－isomorphism．SiTICe Bis selfJual，We See that  

［p，1］isan乃トCube・  Q・E・D・  

Dual1y we have the followlng  

Cor011鋸78・3・ムd如〟k仁Pね〃f甥A d制一タ，タ2，…，タ■〃rβdfざ一  

助c′桝f〝f〝柑Jβお桝㈹ねi〝クーlOI・乃g乃［0．タ1＞…＞タ．］ね‘研一…”加・  

Forany pin PIsince［0，P］and［p，1］canberegardeda9PBAs”  

WeCanuSetheatカVe reSultstoinvestigatethe“neightx＞rhbod”of p；  

TheOPration of patching natural1y suggests the“inverse”JO匹ration，  

namely，the cut operation．But，instead ofdefiningthe cut operation，We  

define the notion of section． 

D¢丘nition3．4．A∫〟み館′ ぶ〆〃♪βA f，i5C〃抽d〃∫βC′わ州す♪，  

ダー′∫〃瑚β∫伽カJJ州毎g川畑眈朋・  

（i）ぶ＝［9，p］ ノ加古〃棚タ，9ざ〟CゐJ坤9≦タ・  

（ii）P＝［0，ク］∪［曾，1ユ   

5ねα曲痛〆切併が0＜9≦タ＜1・   
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L E瑚bpleさ！（i）Hosoi［6］provedthattheset・Y ofallintermediate  

logicsisa PBA・払ch slice5Q．（n＝1，2，…，0）isa section of g．   

（ii）Iftwo PBAsA and B areptched to makeaPBA A◇fBthen  

4∩βisasectionofA◇／B・ l  

Now we want to consider thefo1lowlng prOblem presented by・Hosoi  

風雨Ono［8］：  

“By what operations can all血ite PBAs be obtained froml－Cube  

†ざ1？”  

、、、AsHosoi［4］hasremarked，Cartesian prduct and the．pile operation  

郁代nOt Su魚cient，Since the PBA of（Fig．2）can not be obtained from Sl  

如、these operation．  

嶺  
Fig．2  

・電三・′weshallshowthatCartesian‘ 

， 

頓如isneeded onlytoobtainn｛ube S；．Toshowthiswe pr甲retWO  

l鮮maS．   

鼠  

醐粧1即Ⅷは3．5．〝1Pね1川】示川加，地肌〟九鮎曲り加如r渦動加  
勢dl  

L＞oqr Let pl，‥リP．be thecollection of the maximalelementsin  

P－ill・Suppose P hadaproperSeCtion［q，P］・Then，Since O＜q≦p  

＜1・thereexistsomeL，Ksuchtbat睦L⊂K封1・2・・‥・nlandp＝L£PE，  
q＝i㌫P巨Takeanyjd＝K・Thenpjisneitherin［q・1］norin［0・Pユ  

Thisis a contradiction．  

kmm83．6．〝㌦㌧如蘭βPβdJP砧＝伸上αの品，班朗f‘ゐ〃5〃♪rqββr  

ggcJf〃〃．  

ProqflAsar！inductive hyI刀thesis，We網棚mC thatthetheoremhold＄   
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forany PBA whose cardinalityisless than the cardinalityofP．Since  

Pisfinite・thereexistsamaximalelement pinP－il）．Letrl，r2，‥．，r．  

1             ▲ t＊the enumeration of the elements such that p＞rj＝1Put r＝＿へrj・  
J＝  

▲  ▲  
Then・P＞r＝P＞1ri＝1（pvrj）＝1・Thusristheleastelementsuch  

tbatクVr＝＝1・Put9＝タ＜r・  

We shal1show that P＝［0，P］u［q，1］・Suppose xd＝［0，P］・Then  

Since pismaximalinP－ill，PV3F＝1・Hence x≧r＞q・Thatis，X∈  

［q，1］・Now，if q＞0，then wehaveaproperSeCtion［q，P］inP・If  

q＝0，then P≡［p，1］×［r，1］≡SlX［r，11since pvr＝1and p＾r＝q＝  

0．Since Pis not a cube，［r，1］isalso not a cube．Henceit has a pro－  

perSeCtion，Say，［q′，P’］bytheinductivehypothesis．Thenitiseasyto  

Seethat［q′＜p，P’］isapropersectionofP．  

From the above twolemmas we have the following  

Theorem3・7・A呵／メ加抽ヲ f堰A cα乃 ∂g co形5fr捉Cfgdル0椚 51砂  

Cαr∫g∫ね循〆¢血c／α舛d如 ∫カg♪αねカゆ和fわ形，仙鮎川Cαr∫g血〝♪r〃血c∫i∫  

瑚卿甜り川㊥わd眈玩打倒加5㌣れ桝51，  

RemArk．Let Pbe the set ofal1負nite PBA andletC＝iSl，S雪，．‥†．  

Forany subsetS ofLt we de負ne宮tobe the smal1est set of負nite PBAs  

such that言⊃Sand言isclosed underthe匹tChoperation．Then wecan  

see that宮＝Piff S⊃C．  

Theorems2．2and3．7give us a very usefulcriterion to determine  

Whether a partially ordered setis a PBA or not whenitisgivenin the  

form of Hasse diagram．  

§4・TheⅥkighto一光del8  

In this section，We give a characterization of slice．First we define  

the notion of normalchains．  

De丘nition4・．1．エβ∫〟∂βα桝仇おJ．A c励め巨細」けqrね明朝日仏ね（  

ガ扇お5明卿卯肌（c∫）。≦は．〆gJg桝g〝ねf〝 〟∫〟C鳥fカα′ c。＜cl＜…＜c．・A  

c如f乃（c－）○封如i5”〝椚αJげcf→C卜1＝C卜1（1≦f≦汀）・乃βJ創g助げ¢   
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C如i乃α…（¢ー）。≦はル紺iJJお（お〝〃おd〃ざヱ（α）・   

い】仇戎血ition4．2．エゼJ〟おβ桝〃血J．乃g点々な加ん（〟）〆助g桝〃dgJ  

〟ねsuplJ（α）lαね〃∵机椚勒〟c加め仁如」材†．  

De丘miliom4・8・Ⅵセ勾伽g柳p．（几＝0，1，2，…）血血血加功・〃ざ♪ノー  

J例〟ぶ：  

！1 

巧＝¢。、  

♪i＝（（αf→ろ＿1）→α‘）→¢f （f≧1）．  

Now we state our main theoremin this section．  

拓 
心00rem4．4．血＝打ふぶⅣ加加桝血ね．ゲエ（〟）＝上（Ⅳ）助  

■  
ヰ（〟）＝ん（Ⅳ）・  

－≠LJToprovethis wdprepare、soine1emrnas．  

鵬L血M旭4・5・5”⊃エ（〟）好ん（〟）≧机  
雀bれ′l 

＝：FIL・ Suppse S”⊃L（M）・‘LetL”＝ico，Cl，・・・，C・）・Whereco＜cl＜  

‡阜・＜c”・Clearly（cE）0≦ESふis 

掬触tionsuchthatf（ai）＝CE．P LItiiseasytoseethatf（PE）＝CE（0≦i≦n）．  

鮎ce肌1）＝C”－1＜c・≦1・ 

． 

加hthat g（Pi＿1）＜1．Letus，Put di＝g（PE）（i≧0）．NowbyLemma  

謹3in［5］，thefollowing（a）and（b）areprovableinLJ．  
■じ▼  

頑扁  （a）タトl→p痔α○→α○ （f≧1），  

（b）p‘叫－．吏巧＿． （f≧1）．  
っ††  

婚？（a）wehave d卜1≦dE・Supp冷e dL－l＝dL．Thenby（b），dL－1＝dE→   

慨＿1＝1．Combining these results，もince d．＿1≠1，We have d。＜dl＜…＜   

－d＊．Again by（b），（dE）。≦ES．is：a normalchain oflength T8．Thus h（M）  

． ≧乃．   

Now we prove the converse．Sup匹恰e h（M）≧n．Then thereis a  

nOrmalchain（cL）。iEi．Oflength n．Itis easy tosee that C＝ic。，Cl，…，   

C打一1，1†isa＄ubal＄ebraof M，i・e・，ClosedurLderthefourlo＄ical0perations・   
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Itisalsoclearthat Cisisomorphicwith L．．Hence S．⊃L（M）．  

If we check the proof of the su仔iciency ofLemma4．5 we have the  

血1lowlng  

Cof011”γ4・6・ア”＿1∈上（〟）好 ん（〟）≧軋  

Now the proofof Theorem4．4isimmediate from Corollary4．6．We  

also obtain the following theorem which characterizes slice．  

Tbeo－em4・・7・上（〟）∈ダ．好 ん（〟）＝花．  

By our characterization of slice we can prove the followlng theorem  

in［5ユ  

Theo－以n4．乱 打エ（〟）∈ダ椚α州dエ（Ⅳ）∈ダ〝軸外上（朗†〃）∈ダ痍…．  

丹oqr Bythe hypthesis，We have two normalchains 

M and（dE）。≦ほ．in N Itis easy to see that c。→d．＿1〒d．＿1．Hence  

d。，dl，‥・，d．＿1，C。，Cl，‥．，C椚isanOrmalchain of：1engthln＋n．Hence  

h（M†N）≧Tn＋n．Now suppose h（M†N）＞1n＋n．ThenWe have a  

normalchain（cE）。≦i如．．．1in M†N．Clearly thereis some k suchthat  

q卜1∈N－ilN）and cA∈M．Then c。，Cl，．＝，Cトi，1Nis a normalchain of  

length k，and cA，CA．1，‥．，C椚．，＋1is a normalchainoflengthln＋TB＋1－k．  

Hence k≦n，and Tn＋n＋1－k≦m．Thatis，n＋1≦k≦T8． Thisis a  

contradiction．  

Fo1lowing Ono［10］，a Kripke modelis a rnrtial1y ordered set．Let  

Kbea Kribke model・AsubsetJof Kis calIed closedif p∈Jand q≧  

Plmplies q∈JlItisawell－know factthatthesetLkofallclosedsub－  

SetS Of Kis a model，i．e．，a PBA．It can be飽＄ily seen that K and Lk  

is characteristicfor thesamelogic（see［1］，［2］）・Wewrite L＊（K）for  

thelogic characterized by K．For the de負nitionOf the height ofK（de－  

noted as h＊（K）），We refer to［10］．  

Now using Theorem4．7，WeglVe anOther proofforthe followingtheo－  

rem due t（）On（）．   
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Theom′4．9．〝㍍（g）＝汀J鮎〝エ＊（g）∈ダ．（1≦沌≦山）．  

ProQflItsu疏cestoprovethecasethat nisfinite・Since h＊（K）＝n，  

we have a chainin K such that   

（1）  cl＜c2＜‥・＜c．．   

For any c∈K，put Tc＝idld≦cl．Clearly Tc∈Lk．We prove thatif  

c＜c′then Tc→Tc′＝Tc′．Put R＝Tc→Tc・．Then   

（2）  r。nJi⊂r。′，   

チnd R⊃Tc・・Suppose R声Tc・andlet d be any elementin R－Tc′・  

Then d≦c′，Since d4：Tc′．Thisimplies c′∈R，Since d∈R and Ris  

Closed・On the other hand，C′∈T．since c＜c′．Hence by（2），C′∈Tc・．  

Thisis a contradiction．  

Therefore the following chainin PKis a normalchain oflength n：  

方言r。．妻r。1妻…∃r。”・  

Thus，  

ん（ア∬）≧ん＊（g）．  （3）  

Now suppse m＝h（PK）．Then we have the following normalchain  

l軒鞍：爪妄叫妄…妄〃ホ．  

髄 
Clearly M．∈Lk・We have N”－1nMdlq：N桝－2，Since otherwise Md．⊂  

凡－2．Let d2beanyelementin（NM－1nMd．）－N桝－2・Then d2∈N”－1  

－N桝＿2and d2＞dl．Continuingthe same pr∝eSS，Wehavethe following  

fhaininK：dl＜d2＜・・・＜d≠・Hence，  

（4）  ん（j㌔）≦ん＊（g）．   

By（3）and（4），Weget h（Lk）＝h＊（K）．  

§5・Appli¢ationさ  

Let us consider afinite PBA P．Let a be any elementin Pandlet  

bl，b2，・・・，bA bethe enumeration of elements suchthat bj→a＝a・（Since  

l→¢＝α，鳥≧1・）Put∂＝ム1＜…＜ムー・Thモn∂→¢＝（ゐ1＜…＜ム鳥）→α＝ム1→   
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（b2→・・・（bh－1→（b鳥→a））・・・）＝a．一This｝meanS that bis theleast element  

SuChthat b→a＝a・De血ea mappingl：P→Pbyl（a）＝b．  

Noww占defineasequence（症＝0，．．：よs 

C。＝0，  

Cい1＝A（c▲） （鳥≧0）．  

We cal1this sequence th9Centralsequencein P．もWe caneasily see that  

if nistheleastintegersuch that cn＝1，then co＝C…1＝O and co＜cl＜  

・・・＜c．＝1・This sequence has thefo1lowlng prOperty．  

Theo－em5・1．血J（c‘〉おJ鮎α〝かαJざg曾〟g〝Cg一飯」㌔d胱7花山＝頗  

Jg〃ざJ如聯′ざ〝CカJ鮎Jc〝＝1．7Ⅵβ〝ん（ア）＝机  

jケ0虜 Since O＝Co＜cl＜・・・＜c．＝1is a nor出島巨t！hain，h（P）≧n．  

Sup匹駅h（P）＞n・TheIIwe havea normalchain‘瑞＜斬＜l・”＜｝dん＜d小1．  

Clearly co≦dc・Then froI『the next Lemma5・2，dl→Co＝Co・HerLCe  

Cl≦dl・Continuing the same process，We See that c2≦d2，…，C”≦d”  

Thus we obtainl＝C．≦d，＜d〝．1．Thisis a contradiction．  

bmm85．2．ゲα＞占≧c〃〝dα→占＝占，Jカg〝α→C＝C．  

ProqflLet d＝a→C．Thena＜d＝a＜（a→C）≦c≦b．On the other  

hand，a→b＝b．Hence d≦b．Sinceb＜a，d＝a＜d＝a＜（a→C）≦c．Clear－  

1y d＝a→C≧c．L Therefore d＝C．   

Tb∞rem5・3・〝んげ）＝几，′励［cゎc…］‘干〃Cムぉ・   

j＞oqf．Sinceothercasescanbeprovedsimilarly，WeOnly＜showthムt  

［0，Cl］isacube・Letipl，P2，、・・，P鳥〉bethesetofminimalelementsin  

P－（0）・Thenitis easy to seethat x→0＝Oiff x≧pj forl≦j≦k・  
l  

Hencecl＝XIP｝・ThenfromCorollary4・3wehavethat［0，Cl］isa  
Cu鵬．  

By Theorem5．1and5．3we caneasily calculatetheheightofa m∝lel  

ifits Hasse diagramis glVen．  

Alogic Lis cal1edanimmediate predecessor of anotherlogic L′if  

L≠L′andtherearenologicsbetweenL and L′．Wewritc LiL′to  

薫
駕
∵
J
 
 
 



CIIAR▲GTERIZ▲TION OF P5EUDO－BooLEAN MoDEL5BY BooLE▲N MoD毛L5  155   

denote that Lis animmediate predecessor of L′．  

Concerningimmediate predecessors of Sn，Hosoiproved thatif n≧3  

then S＊lisよ，S．nSl†S至iSn，and S樗nSl†S至†SliS”（SeeOno  

［11］．）Since2is a PBA，We Can apply Theorem3・2to obtain the fol－  

lowlng theorem．We owe this remark to Prof．T．Ho的i．  

Th∞柁n5．4．5〝∩51†5箸∩51†5雪†∫1く5”∩51†5至，  

5”∩51†5雪∩51†5箸†51く5〝∩51†5雪†51，  

5か1∩51†5空く5〝∩51†5要，and  

∫小1∩51†5箸†51く5月∩51†5至†51．  
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