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Errata
04/10/2007

Page 13, line T 1: A
PeAg,car(P)~p—-om:n,Q € Ay,car(Q)~m+n— k= [p) - k:n; P;Q| € Agr

Page 14, line 2:
PeAp,car(P)~m:n—p,Q € Ay,car(Q)~m+n—k=>[k:n—p;P;Q| € Ag




Syntactie Construction of Rational Numbers
Masahiko SATO (University of Tokyo)'

Abstract Syntax

<wpatnum> = <one>+<natnum><prime> : Z,j,k,Zl,m,n

<positive> = <small>+<medium>t+<large> : p,q,?

<gmall> = <large><star> :

<medium> = <one>

<large> = <positive><ptime>

<rational> = <negative>+<zero>t+<positive> : u,V,w

<negative> = <minus><positive>

<ratio> = <natnum><colon><natnum>

<Nform> = <one>+<Nform><prime>+<Nform><plus><Nform>+<Nform><minus><Nform>
+Nform><times><Nform> : M,N

<Pform> = <one>i<Pform><prime>i<Pform><star>+<Pform><plus><Pform>
+<Pform><minus><Pform>+<Pform><times><Pform>
+<Pform><slash><Pform> : P,@

<Qform> = <ome>i<zero>+<Qform><prime>+<Qform><star>+<Qform><plus><Qform>
+<Qform><minus><Qform>+<Qform><times><Qf orm>+<minus><Qform>
+~<Qform><slash><Qform> : U,V

<one> := 1

<prime> :=

<star>

<minus>

<colon>

<times>

<slash>

<zero> := 0

<plus> := +

Formal Systems

4 : P,Q,R,S,T

AN

[rn], [nt1 '], [n'-n*r1], [n-1on] € AN

P e AN’ car(P) = NMn => [N'»n';P] € AN

P e AN’ car (P) ntmrk => [n+m'+k';P] € AN
P ¢ AN, car (P)
P,0 € A, car(P) = nemrk, car(Q) = ktm>l = [n.m'>1;P;Q] € Ay
P,Q,R € Ay, car(P) = M, car(Q) = Mm, car(R) = némrk

=> [N@M>k;P;Q;R]) € AN’ whrere @ =~ + or - or -.
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[

n-mk => |[n'-mk’;P] € AN

B

Pe A =
€ N > P e AR
[P1:1],[n:n>1] e AR

Pe AR, car(P) = prm:n, Q € AN’ car(Q) = minsk = [p'+k:n;P] € AR

..]3_




Pe A, car(P) = p'»m:n => [p'*n:m;P] ¢ AR

R,
P < AR’ car(P) = m:n+k, Q ¢ AN’ car(Q) = mtn>k = [k:n>p';P] ¢ AR
P e AR’ car(P) = m:nsp' => [n:m>p'*;P] ¢ AR
AP
(p7p} € A,

R

P e AP’ car (P)
P ¢ AP’ car (P)
P e AP’ car (P)
P e AP, car (P)

P»p = [P'»p';P] € AP
Psp* => [P*p;P] ¢ I\P
P+1 => [P**1;P] € AP
Pp’ = [prpr4Pl € Ay

R

[

P)Q’T € AR’ R’S € AN, car(P) = p+k:Z’ car(Q) = q‘*m:n, car(R) = k‘nil‘rrf*i »
car(S) = I°n*j, car(T) = i:57r = IprgPr 3P;QR3S85T) ¢ 4,
P,Q,T € Ap, R,S € Ay, car(P) = p>k:1, car(Q) = g*m:n, car(R) = k*nris

car(S) = 7°n*j, car(T) = i{:jor => [p°@riP;QR;S5T] € 4,

PrQrT € AR: R:S € AN’ car(P) = p_’k.'lﬁv car(Q) = q'*m:na car(R) = k'n™is
car(8) = 1*pr*j, car(T) = i:gr = [p/q»p;P;Q;R;S;'.[‘] € AP

P,Q,R € Ay, car(P) = pp, car(Q) = g*g, car(R) = pegr

=>  [pe@*r;P;Q;R] € AP’ where @ = 4 or _ or * or /.

1

1]

A (Axioms and rules for ', * and - are omitted here.)

P e AP => Pe AQ

[wrul s [urorud s Lo+uul s [p+(-p)>0), L(-p)+p>01, [u= 0401, [0 u>0] ¢ AQ

P ¢ AP’ car(P) = p-g*r => [p+(-q)>r;P],[(-p)+q*-r;P] € AQ

P e AP’ car(P) = g-p>r = [p+(-q)>-r;P]),[(~-p)+q>r;P] ¢ AQ

Pe b, car(P) = p*qg*r => [p-(-q)*+-r;P),[(-p)~q*-r;P1,((-p)*(-q)+r;P] ¢ AQ
P,Q,R € AQ’ car(P) = U~u, car(Q) = V+v, car(R) = ulvw

=> [U@V+w;P;Q;:R] ¢ A

R

il

, where @ = + or -

Q
P e AQ’ car(P) = U+(-V)»w» = [U-V>w;P] ¢ AQ
Pe AQ’ car(P) = UsV*>w = ([U/V~w;P] ¢ AQ'

Notations: P {— Uru <> P e AQ’ car(P) = Uu
Fusu <= ap e By P Uu
U="V<>  3u( H-u and | Vou)
Theorem The set <rational> enjoys the usual properties of the rational

number field Q.
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