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BARADRT
BIEA N D (L) DAV A NSV 5 FEBER

Inductive natprod : Type :=
| pair (nl1 n2 : nat).

e AVAKZIINVEDLIFTDE
e pair: BAS/=D% & > T natprod =13
» pair 1 2 : natprod
» pair (4 + 3) 2 : natprod
» natprod BOX (DfE) I$4T pair M N D%
LTW3

e product - (RED) T HI ME
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e BExrOEY B LB

Definition fst (p : natprod) : nat :=
match p with
| pair x y => x (x NI —2VDHFEE! *)
end.

Definition snd (p : natprod) : nat :=
match p with
| pair x y =>y
end.

o fst - BB—4IFS (first projection)
@ snd - % 5I% (second projection)
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Notation Il & 2 RIEN/KRFEEDZEA
Notation "( x , y )" := (pair x y).

Definition fst’ (p : natprod) : nat :=
match p with
| (x,y) =>x (x NI—VUTHFEZ D! %)

end.

Definition swap_pair (p : natprod) : natprod :

match p with
| (x,y) => (y,x)
end.
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RTICEY R E DA

TEIE: Surjectivity of pairing
EE®D p: natprod &, TDHE— - FEHEOMEEF
LW (b5, MefFRFREFHICEoTWS. )

Coq ICLBRITZED1

Theorem surjective_pairing’ :
forall (n m : nat),
(n,m) = (fst (n,m), snd (n,m)).
Proof. reflexivity. Qed.

EHEEHRE (2D 3) November 4, 2025 6/53




L YUBRABRNE
D2

Theorem surjective_pairing :

forall (p : natprod), p = (fst p, snd p).
Proof.

intros p. destruct p as [n m]. reflexivity.
Qed.

o AVANZ VANV EDLMEWTNEZER T
» natprod RSMHTHOF (n,m) ZLTW3

o BR=EHEAT DA bO/NSY—2 [0 n]
» BEIC induction OABITHTETWVWETA
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JARMERE?
(5D (BER) Z—FHEREDREFY ERT
T—%5
)X NDEY FA:
o YR b (nil) « TDY R b O (1-h)
o BFDY X MDEBEANER%ZIEMT % (cons)
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BRI X NDEE

Inductive natlist : Type :=
| nil
| cons (n : nat) (1 : natlist).

(BAE) VR hDEY A:

e ZYZR N (nil) XY RKNTHS

o HA¥ n ZBA) A M 1 DEFHICEMLAEZED
(cons n 1)IXVRNTH D

BA & DBEDREITER!
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') A MEREC

e cons DXHLY DEHEEFEERT n :: |
o ER%EIEYTBKRE [n; m; ...]

s v 77 ANV EEEGUE [ DNEsoEMSDLW
LTFIE2TRACYRAMEEELTWS:

Definition mylistl :=1 :: (2 :: (3 :: nil)).
Definition mylist2 := 1 :: 2 :: 3 :: nil.
Definition mylist3 := [1;2;3].
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) R MEVEREEN(1): repeat
n B count EIAT) X

Fixpoint repeat (n count : nat) : natlist :=
match count with

| 0 => T[]
| S count’ => n :: (repeat n count’)
end.

5E .

let rec repeat n count =
if count = O then []
else n :: repeat n (count - 1)
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) A MEVEREER(2): length

JZA MDERE:

Fixpoint length (1l:natlist)

match 1 with

| nil => 0
| h :: t => S (length t)
end.

5%

let rec length 1 =
match 1 with
' ->0
| _ :: t -> length t + 1

SHEERE (20 3)
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YA MEHBEIT SRR EEET 5TV

o 7OVZLEELHIC, ANABIERLEAZAT, Zh
TRHEANMAILRZRENEIEFET S
» HRETHNIL Example NMEHINTVWE I & T
o KT nil DIFEE h :: t DFEDIT
» ) A RNBIBAEHH 2356, EBLLTHEDITE
TEIMUFE LW EDH D = B REREMEA
%3
eh :: t DFBA, t ICHLTHETEVHLAE LG
R(OEKR)ZTOJSLIERBVWTELCERS
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) R M HEEEREEN(3): app(end)

) 2~ DERE

Fixpoint app (11 12 : natlist) : natlist :=

match 11 with

| nil  => 12
| h :: £t =>h :: (app t 12)
end.

B

let rec append 11 12 =
match 11 with
| [0 -> 12
| h :: £t ->h :: (append t 12)

EHEEHRE (2D 3)
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app 11 12 @ (BfEHE) PEGLE: 11 ++ 12

Example test_appl: [1;2;3] ++ [4] = [1;2;3;4].
Example test_app2: nil ++ [4;5] = [4;5].
Example test_app3: [1;2;3] ++ nil = [1;2;3].

16 /53
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) 2 MRVEEAZL(4): hd, tl

Definition hd (default:nat) (l:natlist) : nat
match 1 with
| nil => default
| h :: t =>nh
end.
Definition tl (l:natlist) : natlist :=
match 1 with
| nil => nil
| h :: t =t
end.

v

0 BN nil THLoTHEIS—ICTEARVDOTEYA
{& (default) Z3iRd
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1) A~ vs BAE

Inductive natlist : Type :=

| nil

| cons (n : nat) (1 : natlist).
&
Inductive nat : Type :=

| O

| S (n : nat).

o EREHEAL T, BELITRNITAL!
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) X b vs B (2)

Fixpoint app (11 12 : natlist) : natlist
match 11 with

| nil => 12
| cons h t => cons h (app t 12)
end.

&

Fixpoint plus (n m : nat) : nat :=
match n with

| 0 =>m
| Sn’> => S (plus n’ m)
end.

v
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Bkl £ SEE

Theorem nil_app : forall 1l:natlist,
[J ++1=1.

Proof.
intros 1. reflexivity. Qed.

BAMODRBR LEERBUTUTIEZ D BEETIEAL.

Theorem app_nil_r : forall l:natlist,
1 ++ [1 =1.

(HEEDL)
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M EDHITIC & DEERH

Theorem tl_length_pred : forall l:natlist,
pred (length 1) = length (tl1 1).
Proof.
intros 1. destruct 1 as [| n 1’] eqn:E.
- (x 1 = nil *)
reflexivity.
- (x1=-consnl’ %)
reflexivity. Qed.

e M hANY—YT1l1=n::1 2KRELTWS
o BBEIL eqn:E ZxNTW3
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) X MCET %A
P(l) # (BRE) VRN IZODWTRRRAEMBEET S

)R MMIET B IFHEDRIE

[EEDY RN 1IZTD2WT P(1)] 1T ERE

e P(nil) »D

o FEDBEARE n, YAN I IZDWVWT P(I') aiid
P(n::I")

BR2aanltE&&E>T, P(n::I'")ZRTDIC, O &

DENMNVYRANTIF PAKILLTWEZE (DFY

P(I') BRELT &L

o P(I') --- TIB#IEDIRE] (induction hypothesis, IH)
& N
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BE - L& HEMIFWNE

P(n) #BABOMEICOVWTRR/MEET S
HFEBFHNEDRE

[EEDOBERE n IZDWT P(n)l FATFERE
e P(0) D
o EFEMBEARE n’ IZDWT P(n') B5IE P(S n')

BR2BENITEEST, P(Sn)ERTDIC, V&

DINEWHTIE PARILLTWBRZ & (DFY

P(r')) ZIREL TLW

o P(n') Z TIEHUEDIRE] (induction hypothesis, IH)
& I,
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++ DFEET

Theorem app_assoc : forall 11 12 13 :
(11 ++ 12) ++ 13 = 11 ++ (12 ++ 13).
Proof.
intros 11 12 13.
induction 11 as [| n 11’ IH11’].
- (x 11 = nil *)
reflexivity.
- (* 11 = cons n 11’ )
simpl. rewrite -> IH11’. reflexivity.

Qed.

: natlist,

o BELEDHESRDIAELLLERLTAHLD!
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app DIEEEDHARGEIC K SEEHA

EE: EED I1,12,13 IZDWT

(/11 ++ 12) ++ 13 =11 ++ (/12 ++ I3) T
D

EEER: 11 ICD W T DIRHNE.

o /11 =1[] DFZA.

(01 ++ 12) ++ I3 =[] ++ (12 ++ [I3)

ARTBENBBY, TNhiE ++ DEHEL YA, |
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o /11 =n::11" DIFE. =L,
(11 ++ 12) ++ [3 = (1’ ++ (12 ++ I3)
&9 5.
((n::11) ++ 12) ++ [3 = (n::11) ++ (12 ++ I3)
ERTRENHDD, ++ DEHRLY, Thid
n:: (11" ++ 12) ++ 13) = n:: (11" ++ (12 ++ 13))
ERE. ThXBWEDIRELYEESH. (GERAHR)
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HFMIFHEIC L S EEEA D BT

E: EEDBEARE n ICDWT P(n)
AERR: n ICBEIT SEERIEIIEICK 5.
o n=0 DFHE
...... P(0) DB -
o n=S(n') DIZzH, KL P(n') £T %:
...... P(S(n')) DEERR -
(- IRIEDIRE L Y -+)
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)R NMICET B IFMNEICK DEEER D&
i

EE: EFEDYV AN 1IZD2WT P(I)
SERA: 1 ICEAY 2 IRINEIC L 5.
o | =[] DIFH
...... P([1) DEEBR -
o I =n::I'DBE, LEL P(I') £T %:
...... P(n::I") OELBE -
(- BHEDIREL Y )
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EEDE DL (1)

Theorem repeat_double_firsttry :
forall ¢ n: nat,
repeat n ¢ ++ repeat n ¢ = repeat n (c + c).
Proof.
intros c. induction c¢ as [| ¢’ IHc’].
- (k¢ =0 %) intros n. simpl. reflexivity.
- (¢ ¢ =S ¢’ %) intros n. simpl.

v

o IFMEDIRENT—ILEHHAN-
o (55D LHMIFBN, HRFZIIDHLY oM
B, )
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EIEDE DL (2)
o LiAXNTcDHDrepeat DRI % MHiL] I3

Theorem repeat_plus:
forall ¢ d n: nat,

repeat n ¢ ++ repeat n d = repeat n (c + d).
Proof.

intros ¢ d n. induction c¢ as [| ¢’ IHc’].

- simpl. reflexivity.

- simpl. (x ZZTORMEDIREISER! *)

rewrite <- IHc’. reflexivity.
Qed.
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OV LEMEH: )R bDRER

Fixpoint rev (l:natlist) : natlist :=
match 1 with

| nil => nil
| h :: t => rev t ++ [h]
end.

o BAICERZEMT BDIC append Z{F>TW3
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Theorem rev_length_firsttry :
forall 1 : natlist,
length (rev 1) = length 1.
Proof.
intros 1. induction 1 as [| n 1’ IH1’].
- (1 =[] %
reflexivity.
- (x1=mn: 1" %)
simpl.
(x S (FVNT—)b:
length (rev 1’ ++ [n]) = S (length 1’) *)

v

o ¥ % |3 append & length DREAMRICEAL THAHRL
TVLARRWL
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MBS (FTNT— )L EFHEICT S

Theorem app_rev_length_S_firsttry: forall 1 n,
length (rev 1 ++ [n]) = S (length (rev 1)).

Proof.
intros 1. induction 1 as [| m 1’ IH1’].
- (1 =[] %) intros n. simpl. reflexivity.

- (1 =m:: 1’ %)
intros n. simpl.
(* IH1’ not applicable. *)
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HBED— Rtz 3L

Theorem app_length_S :
forall (1: natlist) (n: nat),

length (1 ++ [n]) = S (length 1).
Proof.

intros 1 n.

induction 1 as [| n 1’ IH11’].

- (x 1 =[] *x) reflexivity.

- (x1l=m:: 1 %)

simpl. rewrite -> IH1’. reflexivity.

Qed.

EHEEHRE (2D 3) November 4, 2025
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- RETE B

Theorem rev_length : forall 1 : natlist,
length (rev 1) = length 1.
Proof.
intros 1. induction 1 as [| n 1’ IH1’].
- (x 1 = nil *)
reflexivity.
- (* 1 = cons *)
simpl. rewrite -> app_length.
simpl. rewrite -> IHl1’. rewrite add_comm.

reflexivity. Qed.
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FERREBR (T 77— 3 V1)
g2 Ia KRN —V a3y
frE: EED 11,12 IIxF L
length (11 ++4 12) = length I1 + length 2
ThHsb.

BEAA: 11 ICEAT B UmiNiE. (LR length (3 len &
B&9. )
o I1 =[] DBA.

len ([1 ++ 12) = len [] + len I2
ERTELHBD, I 4+, len,+ DEE L
Y ER 5 DN

o’
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o 11 =n::11" DIFH. =L,
len (11" +4 12) = len 11" + len I2
95, IZT
len ((n::11") ++4 12) = len (n::11") + len 12

ERSMLENDHDZD, +H,len,+ DEELY, &
nix

S(len(11" ++12)) = S(len 11’ + len 12)

CRETHY, TRIBHEOREL YELA. (G
BRHR)
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EE: FEOU XN TICHL
length (rev 1) = length |
FERR: 1 I D W T DIRHRIE.

length (rev [1) = length []

ERIWMENDHBH, N rev, length DEZ &
Y BR 5 D,
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o | =n::I"7z/2L, length (rev I') = length I' &
9 5.

length (rev (n::1')) = length (n::I')

ERTIELH BN, rev, length DEFZLY, Z
niE

length ((rev I') ++ [n]) = S (length I')
EEME. BIDMELY, hi

length (rev I') + 1 = S (length I')

EEET, Ihid+ DOXXH|E, IFINWEDREDRE &
Y BF 5 BN
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FMRIR(T7—Ya>v2)
Hhh>TWBABEITDERE/NN—Y 3>

EH: EFEDY RN TIIHL
length (rev 1) = length |

F9, length (I +4 [n]) = S (length |) TH 3 (Z
NiE HICET2RMEICEL D) ZEICFRT R E, &
DEERIFNICETBR/INETRT I ENTES. KIS
| =n::I'DBET, LOUHEZBINWEDRE &HEH
BhETES.

ELLHAVVHNINRR - FAFICLDED, OVEFTK
LICEBNDETIIMRABRAY AN ZF>TLIEI W,

o
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EF <> K: Search

o HIICEEFA L EEDZRICATREA TV HNARL

@ Search foo. EMNT B & “foo” ICEATZEEEZKR
FLT< N3B!

@ proofgeneral 785 C-c C-a C-a THIE], MRFEHR
& C-c C-; TR—RANTE 5.

e VsCoq 75 Ctrl+Shift+p TAX Y R/AL vy kD5
"Coq: Search” THRZETZE 3.
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SearchDFEWHEHN N
FLLRBERPHEEZRTCEIW

@ Search (_ + _ = _ + _).

@ Search (_ + = + _) inside Induction.

@ Search (?7x + 7y = 7y + 7x).
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TS 3 R
[~HhE LA ng)

Inductive natoption : Type :=
| Some (n: nat)
| None.

@ Some 5
@ Some 42

@ None
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7o avBEOFEWNE

JZAKND n EEDER%ZRIEAE nth
e N MRKIFTXBHFICEILAELWLWWN?

Fixpoint nth_bad (1l:natlist) (n:nat) : nat :=
match 1 with
| nil => 42 (* arbitrary! *)

| a :: 1’ => match n with
| 0 => a
| S n’> => nth_bad 1’ n’
end

end.
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73 VEAEFED &

o 3 DOMIRYIEART Some
o WMYMIRYENRNT & %7RT None

Fixpoint nth_error (l:natlist) (n:nat)

: natoption :=

match 1 with

| nil => None

| a :: 1’ => match n with
| 0 => Some a
| S n’ => nth_error 1’ n’
end
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A BIR
id DB nat ~NDERDER (dictionary, key—value pair,
R R~ (association list) & )

Inductive id : Type :=
| Id (n : nat).

Definition egb_id (x1 x2 : id) :=
match x1, x2 with
| Id n1, Id n2 => nl =? n2
end.

idBY: RERERFRIIEARBLED, BLELREIFTET,
FLIDLEBREINTES
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HABEHROT— 5 H

Inductive partial_map : Type :=
| empty
| record (i : id) (v : nat) (m : partial_map)

o empty: ZZDE(R
o record: BEFEDER m IC i — v Z1B1N
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B{RDEF

dix —»v] = xZ vICEL, x AT d ICHE-TE
I &5 EK
Definition update (d : partial_map)
(x : id) (value : nat)
: partial_map :=
record x value d.

e update: BRDEH = SEFEADIENM
» BCIdAZEUERENEZLEDITHD?
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TRIZIRZR find

Fixpoint find (x : id) (d : partial_map)
: natoption :=
match d with
| empty => None
| record y v d’ => if eqgb_id x y
then Some v
else find x d’

end.

@ HINLATWOTHIOHT x B DIFLETHD v
HRTDT, ZEULE x BEOBEROFICHOTEH
EifEANA
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B8 11/ FH110:30 #H#Y]

@ Exercise: snd_fst_is_swap (1), list_funs (2),
list_exercises (3), eqblist (2), hd_error (2)
(Z Dt IEFEEERRE)

o AENEAINT Lists.v %& origin/main IZ push

@ PandADT AN - 74 XICEAS.
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